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Abstract. We consider compact convex hypersurfaces contracting by function,s of their curvature. 
Under the mean curvature flow, uniformly convex smooth initial hypersurfaces evolve to remain smooth 
and uniformly convex, and contract to points after finite time. The same holds if the initial data is only 
weakly convex or non-smooth, and the liiniting shape at the final time is spherical. We provide a surpris- 
ingly large family of flows for which such results fail, by a variety of mechanisms: Uniformly convex 
hypersuifaces may become non-convex, and smooth ones may develop curvature singularities; even 
where this does not occur, non-uniformly convex regions and singular parts in the initial hypersurface 
may persist, including flat sides, ridges of infinite curvature, or 'cylindrical' regions where some of the 
principal curvatures vanish; such cylindrical regions may persist even if the speed is positive, and in 
such cases the hypersurface may even collapse to a line segment or higher-dimensional disc rather than 
to a point. We provide sufficient conditions for these various disasters to occur, and by avoiding these 
airive at a class of flows for which arbitrary weakly convex initial hypersurfaces immediately become 
smooth and uniformly convex and contract to points. 
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1. Introduction 

In this paper we study hypersurfaces evolving accoding to parabolic flows in which the speed 
of motion is governed by the curvature. The best known example of such a flow is the mean cur- 
vature flow, which was studied in an influential paper of Gerhard Huisken (Hu| . Given a smooth, 
uniformly convex initial hypersurface, Huisken proved existence of a unique solution of the mean 
curvature flow, which contracts to a point in a finite time. He also proved that the solution becomes 
asymptotically spherical, so that rescaling about the final point by a suitable time-dependent factor 
gives smooth convergence to the unit sphere. This behaviour remains true even when the initial 
hypersurface is non- smooth or only weakly convex, for example when it is given as the boundary 
of an arbitrary open bounded convex region. A variety of other related flows have been consid- 
ered: Kaiseng Chou |TJ considered the flow by Gauss curvature, and proved that smooth, uniformly 
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convex initial hypersurfaces contract to points in finite time. Ben Chow extended Chou's metliod 
to prove that convex hypersurfaces contract to points under speeds given by positive powers of the 
Gauss curvature, and adapted Huisken's arguments to prove that the hmiting shape is spherical under 
motion by the nth root of the Gauss curvature |C1 ] and later by the square root of the scalar curva- 
ture (C2| . In the latter case he required an additional curvature condition on the initial hypersurface. 
The first author generalised these results to a natural class of curvature flows ^Anlj, with speeds 
homogeneous of degree one in the principal curvatures of the evolving hypersurface and satisfying 
some other natural conditions. The class for which such results are known was widened further in 
(An8[|An9 | which, in particular, removed the curvature condition on the initial hypersurface in [C2| . 
The weaker statement, that smooth and uniformly convex initial hypersurfaces give rise to solutions 
which contract to points in finite time, is known for a wider class of flows [Hanl|. 

In this paper we consider a wide class of such flows, and investigate the factors which determine 
whether the general picture of behaviour observed in the mean curvature flow remains valid. 

After the introductory sections|2]and[3]which introduce our notations and definitions and discuss 
elementary properties of the flows and the kinds of solution we consider, we begin with two sections 
which produce counterexamples to the smooth contraction of uniformly convex hypersurfaces to 
points: 

In section|4]we find flows for which uniformly convex, smooth initial hypersurfaces can evolve to 
develop curvature singularities while the inradius remains positive. For this we use a parametrization 
of convex hypersurfaces using the inverse of the Gauss map, in which the hypersurface is determined 
by its support function. A hypersurface can be non-smooth but uniformly convex while its support 
function remains smooth, and the solutions we construct display exactly this behaviour. The class of 
flows where smoothness is lost in this manner is surprisingly large, and contains many flows which 
seem both simple and natural. We also see that the flows in which the speed is a homogeneous degree 
one function of the principal curvatures are easier to control, so there are relatively few flows of this 
kind which lose smoothness. 

In section[5] we use a similar construction to provide a family of flows for which there are weakly 
convex smooth hypersurfaces which evolve to become non-convex. Under our assumptions this 
also guarantees that there are uniformly convex smooth hypersurfaces which evolve to become non- 
convex. For flows which are uniformly parabolic at cylindrical points, our condition is both necessary 
and sufficient for this behaviour to occur. 

Having developed some understanding of how smoothness or convexity may be lost, we find a 
large class of flows for which initial smoothness and strict convexity is maintained until the hyper- 
surface shrinks to a point (in some cases we can only prove the weaker statement that the inradius 
shrinks to zero). We carry this out in section [6] Our main result (Theorem |5]l is sharp in the class 
of flows for which the function which defines the speed of motion as a function of the principal 
radii of curvature is concave and extends beyond the boundary of the positive cone except where it 
is zero. We also give some more restrictive results for concave speeds and for the case n = 2 without 
concavity assumptions. 

For flows which do not either lose smoothness or lose convexity (that is, those covered by the 
results of section |6j, we prove an existence and uniqueness statement for barrier solutions (a kind 
of generalized solution which is natural for the flows we consider), with initial data given by the 
boundary of any open, bounded convex region. In the remaining sections of the paper we consider 
the question of which flows have the property that all such generalized solutions immediately become 
smooth and uniformly convex. 

Some examples where this fails are already known, beginning with the example of Hamilton [H3| 
who showed that a flat side of a convex surface (that is, an open subset of the surface which is con- 
tained in a plane) persists for some time under the Gauss curvature flow. Together with Daskalopou- 
los he investigated this phenomenon in some detail |DH|. The results of |An4| imply that solutions 
eventually become smooth and uniformly convex. Caputo and Daskalopoulos [CD] considered flow 
by the harmonic mean of principal curvatures for surfaces which are initially uniformly convex with 
the exception of one flat side. They showed that under this flow, the boundary of the flat side evolves 
by the curve shortening flow, so again flat sides persist for some time. With Natasa Sesum they 
extended this to hypersurfaces moving with speed given by a quotient of successive elementary sym- 
metric functions |CDS|. 

Previous examples where there is an affirmative answer to our question have arisen in An9 , 
where such a result was proved for flows by powers a < ^ of the Gauss curvature, and in An7 , 
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which includes strict convexity estimates for a class of 'mixed discriminant' curvature flows. A 
related result was proved by Dieter jD), who considered curvature flows with smooth, weakly con- 
vex initial data, where the speeds were quotients of successive elementary symmetric functions of 
the principal curvatures. She required that for the initial hypersurface, the denominator of the quo- 
tient is positive, and proved that the hypersurface becomes immediately uniformly convex under the 
evolution. 

In section[7]we give necessary and sufficient conditions determining whether flat sides persist (the 
result is a dichotomy between flows where flat sides persist and those for which there is a lower bound 
on the displacement for positive times, depending only on the initial inradius and circumradius). 
In particular we prove lower displacement bounds for flows with speed homogeneous of degree 
a < 1 in the principal curvatures, and prove that flat sides always persist for speed homogeneous of 
degree a > 1. In the critical case a = 1 the two types of behaviour are distinguished by a single 
easily checked condition. In sections[8]and|9]we translate these displacement bounds into upper and 
lower bounds on the speed for positive times. In particular the upper bounds on displacement and 
speed hold for essentially arbitrary flows. We apply this observation to prove the main existence and 
unqueness result for barrier solutions in section [TO] 

Sections[TT|and[T2]provide examples where unique barrier solutions exist, but are sometimes not 
smooth or not strictly convex. 

The examples discussed in section[TT|display a new kind of behaviour for such flows: Cylindrical 
regions can persist even in flows where flat sides do not (and so where the speed necessarily becomes 
strictly positive). We construct flows in which cylindrical regions in the evolving hypersurfaces have 
strictly positive speed, but do not become uniformly convex. Instead these persist as cylindrical 
regions while shrinking in radius. This has not been observed previously and shows the necessity of 
further conditions in order to deduce strict convexity and smoothness of solutions. Remarkably, this 
construction also produces examples of weakly convex hypersurfaces which do not even contract 
to points — for example under flow with speed equal to \A\, the norm of the second fundamental 
form, there are smooth weakly convex n-dimensional initial hypersurfaces which collapse to a k- 
dimensional disk of positive radius, for any fce {!,...,«— 1}. The examples in section [T2| are 
similar in spirit, but in this case involve regions in the Gauss image where the minimum radius of 
curvature is zero, which persist while shrinking under the flow. These correspond to ridges of infinite 
curvature which persist in the evolving hypersurface as it shrinks. 

In the final section, we conclude by producing classes of flows where barrier solutions do indeed 
become smooth and strictly convex for positive times. Informed by the conditions in the previous 
sections which allow the construction of counterexamples, we produce as wide a class as possible, 
though our results in this section are probably not exhaustive. We state a conjecture which would 
amount to an essentially sharp result, but which seems to be beyond the reach of our methods. 

The second and third authors are grateful to the Centre for Mathematics and its Applications at 
the Australian National University for its hospitality during their visits, when some of this work was 
completed. 



2. Notation and preliminary results 

In this paper we consider the behaviour of solutions X : M" x [O.T) — > R"+' of curvature flow 
equations of the form 

dX 

(I) — (x,f) = -S{A{x,t),g{x,t))v (x,f) , 

where X is a smooth family of immersions (that is, X is smooth, and for each t the map X, =X{.,t) is 
an immersion), v(x,f) is the (outer) unit normal to the image hypersurface Mr = X,{M,t) at J£'(x,f), 
A{x,t) is the second fundamental form of M,, and g{x,t) is the induced metric. Thus A(x,f) and 
g{x,t) are symmetric bilinear forms acting on the tangent space T^M. We require the flow to be 
geometrically invariant and smooth, which means that the function 5 is a smooth function of the 
components of A and g which is invariant under change of basis, i.e. for any L e GL{n) we have 
S{L^AL,L^gL) = S{A,g). We also insist that 5 be homo geneous of some positive degree a in the 
first argument, so that S{XA,g) = ?i"S{A,g) for any A > (this amounts to the requirement that the 
flow l|T]l has an invariance under spatial scalings). 

The invariance of 5 implies that S{A,g) = S{g-^/^Ag-^/^ ,/) where / is the identity matrix. Thus 
S is reduced to an 0(n)-invariant function of one argument. Henceforward when we write 5(A) we 
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will mean S(A,I). For convenience we write 5 = F". It follows from a theorem of Schwarz |S1 1 that 
F{A,g) = /(K"(A,g)), where / is a smooth symmetric function of n variables, and K = (iCi, . . . , K„) 
is the map which takes A and g to the vector of eigenvalues of A with respect to g (the principal 
curvatures, defined only up to order). Conversely, any such smooth symmetric function / gives rise 
to a smooth GL(n)-invariant function F (by a theorem of Glaeser |G2|). There are several other 
conditions we will always impose on the function /: 

Conditions 1. 

(i) f is a smooth symmetric function defined on the positive cone 

r+ = {k={kx,...,k„) gR" : Ki > Oforalli= 1,2,...,^}. 

( ii) f is strictly increasing in each argument: f' = ^ > /or each i = I,. . . ,n at every point 

ofr+. 

(Hi) f is homogeneous of degree I: f [Xk) = Xf {k) for any A > and K £ F^,. 

(iv) f is strictly positive on F+ and normalised: /(1,...,1) = 1. 

Note that condition |(iv)| is merely a normalization, since the positivity follows from [(i)|j(iii)[ 
Several additional conditions will be used as need dictates: 

Conditions 2. 

(v) f is concave on T-f-. 

(vi) f is inverse concave. That is, the function 



/*(X1,...,X„) =/(^Xj 



1 



-1 



is concave on F^. 

(vii) f^ vanishes on the boundary ofTj^. 

( viii) The restriction of f to the boundary of the positive cone is inverse-concave. That is, if 
/(I,.. .,1,0) > then the function f{x\ , . . . , x„_ i ) = /(xi , . . . , x„_ i , 0) is inverse-concave 

on the [n — \)- dimensional positive cone F^ 
f;x) The restriction of f^, to the boundary of the positive cone is inverse-concave. 

(x) IfKE 5F-I- with f{K) > then f'{K) > 0/or each i and f is smooth near K. 

(xi) Ifx e 5F-I- with /*(k') > then /J(r) > 0/or each i and /* is smooth nearx. 

(xii) The flow 1 1 1 admits second derivative Holder estimates in F+ (see \(2)\ below). 

(xiii) The flow 1 1 1 admits second derivative Holder estimates in r+ n {/ > 0}. 

Remark 1. 

(1) . The definition of inverse-concavity here is slightly different from that in (An8| , but is equiv- 

alent. Previous results on hypersurface flows have always assumed one of the concavity 
conditions |(v)| or [(vi)[ with the exception of flows of surfaces |An9| (see also |AM| where 
no concavity is required but a small pinching ratio is assumed). There are several reasons 
for this: First, such conditions have been used in arguments to control curvature, in particu- 
lar in curvature pinching estimates (An 1 1| An8]|C 1 [|C2[|M 1 [|M2| , or in preserving convexity 
or bounding curvature (Han[[U) . Secondly, some such convexity or concavity condition is 
necessary in order to deduce Holder continuity of the second fundamental form using the 
estimates of Krylov |K1| and Evans jEj. For this either condition |(v)| or [(vi)| will suffice. 
In the case of flows of surfaces, no such concavity assumption is necessary ^AnlO|. In any 
case the problem of proving Holder continuity of second derivatives for non-concave par- 
abolic operators is quite distinct from the rest of our considerations here, so it suffices for 
our purposes to deal with this issue by assuming conditions |(xii)| or |(xiii)[ which we now 
discuss in more detail. 

(2) . Conditions |(xii)| and |(xiii)| a re intended as follows: Let K be any compact subset of F (or 



f + n {/ > 0} in case (xiii) i, and fo > 0. Then there exists /3 £ (0, 1] and C > depending 
only on K and to such that for any solution X : M" x [0,/ol of equation |T]l with 

principal curvatures in K at every point, ||A||(^o.p(jv^x [lo/l io\) — ^- following assumptions 
each suffice for |(xii)[ 

• / is concave or convex; 

• /* is concave or convex; 

• n = 2 (for details see |Anl0| ); 
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• / is nearly isotropic on r+, in the sense that ^ < C(n)^ for I < i, j < n at each 
point of r+, where C{n) is an explicit constant (see |AM[ Theorem 7.3]); 

• /, is nearly isotropic, in the same sense. 

If condition |(x)| holds and / is concave or convex, n = 2, or / is nearly isotropic, then 
condition |(xiii)| also holds. 

(3) . Condition (x) is equivalent to the assumption that / can be extended to satisfy conditio ns [T 

on an open cone F containing r+, such that K e dm dr+ implies /(ic) = 0. Condition (xi) 
amounts to a similar condition for /, . 

(4) . In order to make sense of conditions |(vii)|[(viii)| and [(Ix)l we must make the observation that 

/ and each have continuous extensions to the closure of r+. We give the argument for /, 
but the same applies equally well for : 



Lemma 1. A function f satisfying Conditions \J{\i)\\( iii)\ extends continuously to the closure 

r+. 

Proof. Since / is monotone in each argument by |(ii)| one can define an extension to the 
boundary of the positive cone by setting /(A) = lim^^o^ /(A + si) (where / = (1,...,!)). 
This always exists since /(A + si) is nondecreasing in s and is bounded below by zero 
(by the Euler identity using |(ii)] and |(iii)| . This extension is continuous: Continuity at the 
origin is simple, since < f{bi,...,b„) < maxi<,<„ = ||i||c,c/(/). It follows that 
|/(S) — /(0)| < ||S||oo/(/). Next we show continuity at a non-zero boundary point A = 
(0, . . . ,0,a^.+ i , . . . ,a„): We write a = min{a^^_x, . ..,«„} > 0. Given e > 0, choose 5 > so 
that/(A + 5/) </(A)+£, andsothatS < if/(A) >0. Thenif ||S-A||„ < 5, we have 
bi <ai + S for all /, so f{B) < /(A + 5l) < /(A) + e. If /(A) = then we also trivially have 
f{B) > /(A) > /(A) - e, while if /(A) ^ then we have hi > max{a/ - 5 , 0} > ( 1 - 5 /a)a;, 
so by homogeneity and monotonicity we have f(B) >/((! — S/a)A) = (1 — S/a)f(A) = 
fW - f ,/'(^) > f{A)-£- Thus in either case |/(S)-/(A)| < £ for ||S-A||„ < 5. □ □ 

(5) . Concavity of / on r+ is equivalent to concavity of F as a function of the components 

of A on the space of positive definite symmetric matrices (see |CNS . Section 3], or apply 
Lemmas [2] and [6]l. Similarly, inverse-concavity of / is equivalent to concavity of /», which 
is equivalent to concavity of the function defined by F» (A) =F(A^')^'. 

(6) . The boundary inverse-concavity condition |(viii)| also implies inverse-concavity of the re- 

striction of / to any face of the positive cone on which it is non-zero: For any k > 0, 
we can consider the restriction of / to a A;-dimensional face, which is a function on 

the A;-dimensional positive cone p'l*', given by /^.(xi , . . . = /(xj , . . . ,x^.,0, . . . ,0). If 

(k) 

ffi is not identically zero, then it is positive on Tj_ (by monotonicity and homogeneity). 
To prove that /j. is inverse-concave, we note that the inverse-concavity condition for / 
can be written using Jensen's inequality in the form (/)*(Ax+ (1 — X)y) > A(/)*(x) + 
(1 — ^){f)*{y) for any x,y e F^' and any X e (0, 1). But now for any x e f',*'', let 
xe = (xi , . . . ,Xi.,e^' , . . . , e^' ) e F^ ^\ Then we have 

I 

lim(/)*(xe) = lini 



/(xi-l,...,x-l,0,...,0) 



= (A)*W, 

where we used Lemma[T|and the fact that / > in taking the limit. Furthermore since we 
have (Ax+ (1 — A)_v)e = Axg + (1 — ^)y£, we have 

(/,),(Ax+(l-A)>.)-A(A),W-(l-A)(A)*(y) 

= lim{M{lx+{l-X)y)e)-Hf)4xe)-il-mUye)) 

= lim ((/),(Ax, + {l^X)ye) -HDAxe) - (1 - 

>0, 



so is inverse-concave. 
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(7). We will show in the course of the paper that the concavity conditions |(v)| and |(vi)| are stronger 
than needed to keep curvature bounded or to prevent loss of convexity. In particular, in the 
case a = 1 we prove that Condition |(ix)| is essentially necessary (Theorem[2]( and sufficient 
(Theorem |^[^iiJ[^d)^ for curvature to remain bounded, while for a 7^ 1 the stronger condition 
|(vii)| is essentially necessary (TheoremfTJ and sufficient (Theore m |^[^i)^ . In all cases the 
condition |(viii)| is necessary (Theorem |3]l and sufficient (Theorem |6] in the case a = I) to 
avoid loss of convexity of solutions (however see the caveat in remark|6]l. Condition |(vii)| 
also arises as a necessary and sufficient condition for flat sides to immediately begin to move 
(Theorem| 1 1 \ in the case a = 1 . 

Conditions[T|and|2]correspond to properties of the speed S, as discussed in (An8|. 

In this paper we will use notation similar to that in |An81, (M2| , (Hu| and (U|. In particular, 
g = {gij} and A = {/i/j} denote respectively the metric and second fundamental form of Mi. The 
mean curvature of M is 

H = g'jhij 

where g'J is the (;,7)-entry of the inverse of the matrix [gij)- Throughout this paper we sum over 
repeated indices from I to n unless otherwise indicated. In computations on the hypersurface Mf, 
raised indices indicate contraction with the metric. 

We will denote by (5*') the matrix of first partial derivatives of S with respect to the components 
of its first argument: 

= S'"{A^g)Bu. 

.!=() 

Similarly for the second partial derivatives of S we write 

-^S{A + sB,g) =S^'-"{A,g)BkiBrs. 

i=0 

We will normally suppress the argument (A,g), so that 5'-' will always be understood to be evaluated 
at (A,g) and partial derivatives of / at K{A,g). We will use similar notation and conventions for 
other functions of matrices and eigenvalues when we differentiate them. 

It will sometimes be convenient to work with the support function, which is the normal component 
of the position vector .? [x, t) = {X (x, t) ,v{x,t)). We will also use map which describes the speed 
as a function of the principal radii of curvature r,- = , given by 

(2) ^> (a-i) = -5(A) = -f (A)« = -F,(A-l)-«. 



|-5(A + 5B„ 

OS 



Note that ^(R) = V/(r) = —f*{r\ , . . . , r,,)^", where r = (ri , . . . ,r„) are the eigenvalues of the sym- 
metric matrix R. Note that concavity of / is equivalent to inverse-concavity of /», and similarly 
inverse-concavity of / is equivalent to concavity of (or of Xj/). 

We now collect some useful results concerning functions / satisfying Conditions [T] and various 
parts of Conditions |2] 



Lemma 2 (|EH, Lemma 2], (Anl Lemma 2.20]). If f is concave on r+, then for any i 7^ j, (/' — 

/^■)(K-,-K-,)<0. 

Lemma 3 ( (An8[ Theorem 2. 1]). A function f satisfying Conditions^is inverse concave if and only 
if the following matrix inequality holds: 

\dxidxj Xidxi 

Proof. Since / (and hence also /,) is smooth, inverse-concavity is equivalent to the requirement that 

2^f*{z{s))\^^Q < 0, where Zi{s) = jt,^' + sxj'^bi, for all x e r+ and b e W . A direct computation 
gives 



ds-'- l.s=0 /(x) 



bihj = -j^Z{b,b). 



Any such b can be written in the form b = ax + w where a = ^ and f'w; = 0. The homogeneity of 
/ implies /'■'x; = 0, so Z{b,b) = Q[f]{w,w). Thus if Q[f] > then Z > and / is inverse-concave. 
Conversely, Q[f]{v,v) = 2a^f + Q[f]{w,w) = 2a^f + Z{b,b), so if / is inverse-concave then Z > 
and Q[f] > 0. □ □ 
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Lemma 4. If f satisfies Conditions^and is concave, then X!I'=i /' > 1 on r+. 
Proof. By concavity we have > j^fiA + si) = j-^ [ /' (A + si)) , and hence 

Y^fiA) > lim tf'(A + sl) = lim tfi'+A/-') = tf'(')' 



where we used the fact that /' is homogeneous of degree zero. The normahzation condition (iv) 



and 



the Euler identity imply f'{I) = f{I) = 1- □ □ 

Lemma 5. If f satisfies Conditions^and is inverse-concave, then ^4=1 /'"f > f^- 
Proof. Since is concave, we have by Lemma|4] 



d 
'ds 
d 



1 n 

J 1=1 



□ □ 



Lemma 6 ( (AiiT] Equation 2.23], (gT] Lemma 1.1], (AnS] Theorem 5.1]). IfF{A) = f{K{A)), where 
f is a smooth symmetric function, and A is diagonal with K", (A) 7^ Kj{A) for i 7^ j, then 



F{B,B)= if'BuBjj + '£^—^Bjj. 



Lemma 7. If f is a function satisfying Conditions'^ and F{A) = /(k"(A)), then f is concave on r+ 
if and only if F is concave on the cone of positive definite symmetric matrices. 

Lemma 8. For any inverse-concave function f(x\ ,x„) on r+, we have for any i 7^ j and at each 
pointx= (xi,...,x„) o/r+, (^f'xf-fjx^^ i^i^^j) > 0. 

Proof. By definition, /, is concave at (xj" x^ ') . Lemmaj2japplies to /» to give ^/J — // j ^x,^ ' — ; 
for (' ^ j. The lemma follows since fl = f^^f'xj. □ □ 

We conclude this section by mentioning some examples of functions which satisfy Conditions [T] 



d|2l 



am 

l/k 

• f = Ej^ for any k = I,., .n, where Ej^ is the kth elementary symmetric function of the 
principal curvatures of M,, 

1 ^ 

Fk — JiK ' ' ■ ■ 

Kkl I<;i<...</i<« 

These include E\ =H jn (the mean curvature), F2 = R/ {n{n — I)) (the scalar curvature) and 
En= K (the Gauss curvature). 

• The power means f — Hr = L?=i ^i) ' for any real r. The case r = 0, corresponding to 
f — K" as explained in is covered above. 

• f — , for any k=l,...,n— l{k = covered above). 

1 

• /= (|)'"',">*:>'>0. 

• Convex combinations of the above examples. 

• Weighted geometric means of the above examples, i.e. / = 11/= 1/,"' ' where a, > and 
Li=i OCi = 1' and fi,...,fic come from the examples above. 

All of the explicit examples above except the power means with r > 1 are concave, and all except 
for the power means with r < — 1 are inverse-concave. Taking convex combinations or geometric 
means of concave examples produce more concave examples, and convex combinations and geomet- 
ric means of inverse-concave examples produce inverse-concave examples | An8 , Section 2]. 
Other examples are constructed throughout the paper (see examples[T]|4] and|9|. 
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3. Properties of solutions 

Two fundamental properties of solutions of (|T|l are the following. Firstly, because the speed of 
motion is homogeneous in the principal curvatures, solutions have a scaling property. Indeed, if 
X :M"x [0,r) ^R"+' satisfies fl}, then for each A > 0, another solution X;i :M" x [0,A'+"r) 
gn+i given by 

(3) X^{x,t)=Xx(x,X-^^+"hy 

Secondly, solutions of l[TJ satisfy the comparison principle: If {M("}and {m^)} are two families 

of smooth, uniformly convex hypersurfaces, each moving under ([T|, andM(^'' HM,*^' = 0, thenM,''' n 
Ml = for all f > in the common time interval of existence. A local version also holds: if 
{m(')} and {mP'} are two families of smooth, uniformly convex hypersurfaces with boundary, 

each moving under {T), and M^'' nM(f' = 0, M,*'' n 5m/^^ = ' n (9m/'' = 0, for t e [0, T), then 

M/''nMf' = 0for? e [o,r). 

The following evolution equations on Mt are derived in |Hu| , |Anl| and |M2| . 
Lemma 9. Under the flow 

(ii) j,S = J^fS + S'''h„h'",S. 
(Hi) j^s = ^s + S'''h,,„h"',s - (1 + a) 5. 

(iv) ^hij = ^hij+S''''"'"V ihkiV jhpq + hijS"hphP I - (1 + a)ShiphP j, or equivalently 

jhij = ^hij + aF"-'F'''-"'"VihuVjh^„ + a{a - l)F"-^F"F'""Vihu^ jh^„ 

+ hijS'''hphP, - (1 + a)ShiphPj. 

Here we denote by the operator given by J/f = S'^'V^.V; = aF^^^F^'^Vi^Vi, where V is the 
covariant derivative on M,. Condi tion| l|pi)|ensures that ^ is an elliptic operator. 



For convex hypersurfaces we may alternatively adopt the Gauss map parametrisation of the flow. 
This parametrisation of convex hypersurfaces was extensively used in | An2 |. The support function 
s : §" ^> R of a smooth, uniformly convex hypersurface Mq C R"+' (given by the boundary of a 
convex region £1) is defined by s(z) = sup{(x,z) : x e Q.}. The hypersurface My is then given by the 
embedding 

(4) X{z)=s{z)z + Vs{z), 

which takes z to the unique point in Mq with normal direction z (here V is the gradient with respect 
to the standard metric and connection on §"). The derivative of this map is given by 

diX = Xiui'diz, 

where r,y is given as follows in terms of the support function and its derivatives: 

(5) Xij = ViVjs + giiS, 

where 'gij is the standard metric on In particular the eigenvalues of r with respect to the metric 
g are the inverses of the principal curvatures, or the principal radii of curvature. The solution of the 
evolution equation (|TJ is then given, up to a time-dependent diffeomorphism, by solving the scalar 
parabolic equation 

(6) |j = I- ( V; + gijs) = - [f, {V^js + gijS 

for the support function s, and then defining X (x,f) according to Equation |4]( and reparametrizing 
to make ^ normal to the hypersurface. 

Lemma 10. Under equation (|6j, the following evolution equations hold: The speed evolves ac- 
cording to 
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while the inverse second fundamental form Xij evolves by 

= ^Xij + ^"'P'^ViXpg^jxu - ^"gki^u + (1 - a)^'gij 
where ~^ = 4'*' V^V, = a/%r*'+"'/^' V^V,, and equivalently 

^aF-<«+"/-,"l„r,-,-(l-a)F-%.. 

Proof. The evolution equation for = ^ follows directly by differentiating equation (|6| with re- 
spect to time. For the evolution of r,j we differentiate equation ^ with respect to time, yielding 

d == ds _ ds 

A straightforward calculation involving interchanging covariant derivatives on the first term and us- 
ing symmetry yields the result. For details of Codazzi and Simons type identities applying in this 
setting we refer the reader to |An5[ Equation 12]. □ □ 



Note that condition 



ii) ensures ^ is an elliptic operator. 
Generalized solutions can be defined for equation l|T]( by a variety of constructions: One can write 
the evolving hypersurfaces as level sets of a function evolving by a degenerate parabolic equation, 
and find viscosity solutions of this equation by elliptic regularization — this is the so-called level 
set method, which has been carried out for equations of the type we consider in (IS) and (G3| , 
building on earlier work for a more restricted class of flows in (CGG| (and |ES| in the case of 
mean curvature flow). Alternatively, one can use the method of minimal barriers formulated by de 
Giorgi, as discussed in (BN1| . In the setting of this paper where we consider convex hypersurfaces, 
a further possible approach would be to find viscosity solutions for the equation which describes 
the evolving hypersurfaces as spherical graphs over some enclosed origin, or for the equation l[6| 
for the evolution of the support function. The relations between these various notions are not fully 
established, though in many important cases they agree. In particular, the relation between level-set 
viscosity solutions and the minimal barriers is understood (BN2| , although these do not agree in 
general with the generalized solutions constructed using Equation (|4} from the viscosity solutions 
of l|6} — see section |4] for examples where this is the case. Many of the results we prove depend 
principally on comparison arguments, and so apply to level-set viscosity solutions and to barrier 
solutions (defined below), and we note that uniformly convex classical solutions of the flow are 
instances of all of the other notions of solution described above. 

In most of the results in this paper we will use the following notion of solution (similar in spirit 
to the set-theoretic subsolutions of mean curvature flow used by Ilmanen in |T|, and including in 
particular the concept of minimal barriers): Let be the space of smooth admissible sub-solutions 
of Equation (|T]l on a time interval J, by which we mean subsets Q. C x J such that each time- 
slice £l{t) = fin (R"+' X {t}) is a closed set with smooth boundary depending smoothly ont E J, 
such that for each z £ dQ.{t) the principal curvatures K = , . . . , K„) to dQ.{t) at z lie in F, and the 
inward normal velocity of dQ.{t) at z is no less than /((f). An outer barrier on a time interval / is a 
subset A C x /, such that whenever Q. e with J = [a,b] C /, and il{a) CA{a), then fi C A. 
The space of such outer barriers is denoted by Similarly, let be the space of smooth 

super-solutions, which are subsets Q. C R"+' x J such that each time-slice £l{t) =£ln (R"+' x {t}) 
is a closed set with smooth boundary depending smoothly on / e 7, such that for each z £ dQ.{t) the 
principal curvatures K = {ki, . . . ,K„) to dQ.{t) at z lie in F, and the inward normal velocity of dQ.{t) 
at z is no greater than /(jf). An inner barrier on a time interval / is a subset A C R"'^' x /, such that 
whenever SI e with J = [a, b] C /, and A{a) C Sl(a), then A C fl. The space of inner barriers we 
denote by (/). A barrier solution is a set which is both an outer barrier and an inner barrier. In 
particular, for given to e R and E C R"+' we define the minimal barrier ^/M^ (E) and the maximal 
barrier (£) by 

= {\{A:A^ ^+([ro,-)), A(ro) 2 £} 
K^^) = U{^ : ^ e .^-([n),-)), A(fo) C £}. 
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For convenience we also write ./£j^,{E) = ./£^{E) n (R"+' x {?}) for the minimal and maximal 
barriers at time t. Note that intersections of outer barriers are outer barriers, and unions of inner 
barriers are inner barriers. In particular the minimal barrier is itself an outer barrier, and also by 
construction an inner barrier, and so is a barrier solution. Similarly, the maximal barrier is a barrier 
solution, and barrier solutions are unique if and only if these two coincide. The comparison prin- 
ciple implies that classical supersolutions (subsolutions) are outer (inner) barriers and that classical 
solutions are barrier solutions. Also note that the construction produces a unique minimal barrier 
and a unique maximal barrier for an arbitrary initial subset E C K"+' , and these obey the semigroup 
property (^*fo,/i (E)) = ^^,{E) for t > t\ > ?o- Further properties of barrier solutions will 
be developed in sectionfTOl 

4. Examples: Hypersurfaces which lose regularity 

In this section we discuss a class of examples of singular behaviour in flows of convex hypersur- 
faces, in which hypersurfaces which are initially smooth and uniformly convex develop a curvature 
singularity before they shrink to points. The class of flows for which this happens is surprisingly 
large, and in particular many apparently very natural flows admit such behaviour (see remark[2]be- 
low). 

We begin by considering the cases a 7^ 1 : 

Theorem 1. Suppose a / 1, and condition \(xij\ holds but condition \( vii)\ fails. Then there exists a 
uniformly convex non-smooth hypersurface Mq with C°° support function sq such that the solution of 
equation ^ has mm{x{y,v) : v^TS", ||v|| = 1} < 0/or a// i'maW f > 0. 

Corollary 1. Under the assumptions of Theorem^there exist smooth, uniformly convex initial hy- 
persurfaces for which the solution of the flow l[TJ has max^, |Ap — > cc 05 f — > but the inradius of 
M, does not approach zero ast^T. 

The idea of the corollary is that one can find smooth, uniformly convex hypersurfaces with support 
function as close as desired to the support function of the non-smooth hypersurface constructed in 
Theorem[T| By continuous dependence on initial data for equation |6]( the support functions of these 
will evolve to have a zero radius of curvature after some time, so that the principal curvatures become 
unbounded. 

Remark 2. Before embarking on the proof, we remark that many apparently very natural flows 
satisfy the conditions of the theorem: For example the flows defined by / = " ' with < ^ < 

m<n and a 7^ 1 are all covered by the theorem. In particular flow by positive powers a 7^ 1 of the 
harmonic mean curvature do not contract smooth uniformly convex hypersurfaces to points without 
encountering curvature singularities along the way. This is remarkable since in the case a = 1 all of 
these flows contract arbitrary smooth, uniformly convex initial hypersurfaces to points with spherical 
asymptotic shape, as proved in |An8|. 

a 

The theorem does not apply to the flows with / = EZ , and for these we conjecture that any 
weakly convex initial hypersurface does indeed evolve to immediately become smooth and uniformly 
convex, and contracts to a point (this applies only for < 0; < 1 since we prove in Theorem) 10|that 
flat sides always persist in flows with a > 1). We prove the corresponding result for a = 1 in 
Theorem [25] 

Although the construction is rather similar in the two cases < a < 1 and a > 1, the reasons for 
the failure in the two cases is quite different: In the case < a < 1 the loss of smoothness is driven 
by the 'reaction' terms in the evolution of curvature, while in case a > 1 the bad terms involve 
gradients of curvature, and reflect the fact that the speed 5 is not concave (or more precisely, that 
is not inverse-concave on the boundary of the positive cone). 

Proof. We will consider rotationally symmetric support functions, that is support functions which 
depend only on the angle from the equatorial (n — l)-sphere in S" . We parametrize 5" using the map 
(p:S"-^x {-njl.nlT) ^ 5" C R" x E defined by 



(p(z,e) = (cos 9z,sin0). 
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We denote by g the standard metric on 5" ^ Then the metric g induced on 5" ' x (—k/2, 7t/2) by 
(p is given by 

gij = {cosOfgij; 
gie = 0; 
gee = 1- 

If J is independent of z we can compute the Hessian with respect to g: 

V; Vj\? = — sin 9 cos Ogijsg ; 
V,Ve5 = 0; 

where sq denotes the derivative of .v with respect to 0. From this we deduce an expression for the 
matrix of radii of curvature from Equation j5j: 

Xij = ^.s(cos 0)^ — sg sin 6 cos j gij; 

tie = 0; 
tee =see+s- 

The eigenvalues of this matrix with respect to the matrix g are the principal radii of curvature, and 
these are given by 

rj = • • • = r„ = .s - tan Bsg . 

Thus in this symmetric situation the evolution equation |6]l becomes the following scalar parabolic 
equation in one spatial variable 6 : 

(7) 1^ = \j/{see+s,s-setane,...,s-setane). 

Noting that (9gr2 = tan6(r2 — ^i), and using the homogeneity of if/ via the Euler relation, we 
differentiate equation l[7| twice to deduce the following evolution equation for r = ri = sqq +s: 

1^ = v/Vee + (^V/'Ve+2(;j-l)tanev/'2(f-2-r)-(«-l)tanev/2)re 

+ (^{n-lf tan^ 6 (r - 2r2) ij/^^ - (n - 1 ) ( 1 + 2 tan^ 6) i//^ - (n - 1) tan^ 9\ff^^r2 

+(l + a)tan2eV/' -(l+2tan^e))//')r 
+ (l-a)(l-atan^0)V/. 

The result now follows from a simple computation for a particular choice of initial data: In the 
case a e (0, 1) we choose Oq <Tt/2 such that 1 — a tan^ 0o > 0, and let ro be a C°° function which is 
even, ;r-periodic, zero on [— 9(), 6o], and positive on (Sy, ;r/2]. 

In the case a > 1 we choose Q < Oi < &i < Tt/2 such that 1 — atan^ Q\ < 0, and let ro be C°°, 
even, ;r-periodic, zero on [6i , 62], and positive on [0, 61) and {82,11/2). 

In both cases we let be the unique even ;r-periodic solution of (^0)99 +10 = '"()> given explicitly 

by 

i()(9) = sin0 / r()(T)cosTiiT + cos6 / ro(T)sinTdT. 
,/o Je 
Then sq is C°°, and equation (|6j is strictly parabolic at sq. Therefore there exists a unique smooth 
solution s{6,t) on some time interval [0,5). If e [0, 60] (in the case < a < 1) or e [0i , 62] (in 
the case a > 1) then r(e,0) = re(e,0) = ree(e,0) = 0, but v/(0,O) >0, and therefore %{Q,Q) <0 
and r{6,t) < for f > sufficiently small. 

The corollary now follows: Since the flow ([6j is strictly parabolic, the solution depends continu- 
ously on the initial data, so nearby smooth, uniformly convex data (such as sq + £ for £ > small) 
will evolve so that the radii of curvature become negative while the inradius does not shrink to zero. 
On the corresponding hypersurface, there is a unique smooth solution for a short time, for which the 
curvature approaches infinity while the inradius and diameter do not approach zero. □ □ 

The case a = 1 admits fewer examples where smoothness is lost: 
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Figure 1 . Examples of surfaces which develop negative radius of curvature in 
cases < a < 1 and a > 1 . 




Figure 2. The images of the map X in equation |4]( after the support functions 
of the surfaces in Figure[T]are evolved for a short time according to equation 

Theorem 2. Suppose that a — I, and that condition \(xi)\ holds but the boundary inverse-concavity 
condition \( ix)\ does not hold. Then there exists a uniformly convex non-smooth hypersurface Mq with 
smooth support function sq such that the solution of Equation (|6]l has min{r(v, v) : v e TS", \\v\\ = 
1} < Ofor all small t > 0. 

Proof. The idea of the construction is the same as for Theorem[T] We produce a non-smooth uni- 
formly convex hypersurface with smooth support function, with a point and direction in which the 
radius of curvature is zero and has negative time derivative. The construction is more difficult in 
this case since counterexamples cannot in general be constructed in the class of axially symmetric 
hypersurfaces. 

We choose the point bq = (0, 1) e S" C R"+' ~ R" x M, and the direction of zero radius of 
curvature will be the vector (ei ,0). We construct the support function locally first, and then show 
how to patch this smoothly into a suitable sphere. For points z = (z,zo) in the upper hemisphere we 
write the support function i in the form 

(8) s{z)=zoo(^^y 

and observe that the non-negativity of the matrix xij is equivalent to convexity of a. In fact we 
have the following identities: Write = V,z — ^^z, and note that since ^i^jZ = —gijZ we have 
yjEj = — ^j^Ej. Then differentiating ([S} gives 



(9) 



Vis\^ = Vizoa + Da{Ei). 
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Differentiating again gives an expression for r,j by Equation l|5}: 

(10) Xij\,^ = za^D^a{Ei,Ej). 
Differentiating further, we obtain expression for covariant derivatives of r,j: 

(11) V^tyl- = zfD^a{Ei,Ej,Ek) - ^D^a{Ei,Ej) 

^Yj^D-^^^Ej,E,)-^^D'a{E,,E,). 

A final differentiation gives an expression for second covariant derivatives, which we evaluate at the 
point (0, 1) where zq = 1. ^zo = 0, and = e,-: 

(12) V,Vir,y|. = D,DuDiDjG + guDiDja + guDjDka + gj,DiDka. 

At this point the equations and \\\) become 

Xij=DiDjG; 
VkXij=DiDjDi,(j. 

Now we make our choice of cr: By assumption, the restriction of x^f to Fq is not inverse-concave. 
Therefore by Lemma [s] there exists a point (0,02, • • • with a, > for ; = 2, . . . ,n, and a unit 
vector b = (0,^2, •• • ,^«) such that 



(13) Y. (f*'+^fiSij]bibj = -S<0. 

i.j=2 ^ 



From the proof of Lemma|3](or by adding a suitable multiple of a,- to hi) it is possible to choose hi 
such that Y!i=2f*bi = 0. In a suitably small ball Br{0) to be chosen below, we define 



(14) <y{z) = ^zl+\'t^["k+hzi + ^ci,z\)zl 
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where aj^ and bj^ are as above, and we choose C] = and Q = ^ + 2~jk for k > 2. With 

this choice we have at the point (0, 1) that r^./ = diag(0,a2, • • • ,a„), Vit/./ = diag(0,i'2, • • --bn), and 
^jt^/^ll = diag(c-i ,C2, . . . ,c„). Since is smooth on Fg we can assume that oj. ^ ai for each I 

With these choices we check that ^tii < under the flow |6]l at the point (0, 1): By Lemma 
since a = 1 and ri i =0, 

k=\ kj=2 

'k 'I / \ 

+ 2/*-^ I f^V,r2-2/rMt/ifc,- 

where we used the expression from Lemma|6]in the last line. The last two terms vanish by our choice 
of bi and since Vitj/ =0 for k ^ I, and the choice of q gives 

where we used equation l |13| > in the second and third terms. 

Now we show that we can choose r > sufficiently small so that o is convex on 6^(0) (and in 
fact has positive definite Hessian away from the origin). To prove this, we first compute the Hessian 
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of a: 



£)2(j(v, v) = £ -^zjvl + 2 £ {bkZk + CkZiZk)viVk +Y,(ak + bkZi + y z?) v| 
k=l ^ k=2 k=2 ^ 

k=2 k=2 ^ 

n / 2b^\ " " 

+ L r** ^ h't + L ^kZivj + 2 ^ CkziZkViVk 

k=2 \ ''k J k=2 k=2 

2 ' ' t2^ S2«C;fcV* ' 

n « 
(15) + 52 + 2 L ^kZ\ZkV\Vk, 

k=2 k=2 



where we substituted our particular choice of cj- to obtain the last term on the first line. Now the 
first term on the last line is controlled by the third term on the first line for \z\ sufficiently small, and 
the last term is controlled by the first and third terms on the first line for \z\ small by the Cauchy- 
Schwartz inequality. This shows that for r > small enough, the function a is convex on Sr(0), and 
has strictly positive definite Hessian on Sr(0) \ {0}. 

This completes the construction locally. The remaining steps of the proof are to show that this 
local convex function can be 'pasted in' to the support function of a sphere in a C°° way to produce 
a non-smooth convex hypersurface with smooth support function. We do this in two stages: First we 
produce a non-smooth convex function which equals the given function (T in a small ball and equals 
the support function of a sphere outside a large ball. Then we perform a smoothing to produce a C°° 
convex function, taking care not to change the function near the origin and at large distances. 

The first stage is straightforward: The support function of a sphere with centre on the line 
{0} X R c R"+i is equal to a'{z) = Ci-Jl + W + Ci (when restricted to the fine R" x {1}), for 
Ci > and C2 arbitrary. We will choose Ci and C2 in such a way that the function a = max{<T, &} 
is equal to a on 5^/3(0) and equal to a' on Sr(0) \S2r/3(0) (and so extends to R" by taking 
a = a' outside fir(O), and is a globally defined convex function). To do this we first choose C2 
to make cr' = on 55^/3(0): That is, we choose C2 = -C\ \/l + (f-/3)2. Since <7 > on 5^/3(0) 
we then have a > a' and hence d = C7 on 5^/3(0), for any C\ > 0. Then we choose C\ suffi- 
ciently large to ensure that Ci + {2r/3)^ — ^/l+jrjyp^ > sup5^(o) ^- This guarantees that 
ct'>Ci ( Vl + (2r/3)2 - ^1 + (r/3)2) >(t on 5,(0) \B2r/3(0). 

Now we proceed to the second stage: We want to smooth a in the region 53,^4 (0) \ 6^/4 (0) while 
leaving it unchanged elsewhere and keeping it convex. We choose a fimction 77 : [0, <») — > R which is 
C°°, zeroon [0,r/4]u[3r/4, 00), and strictly positive on [r/4,3r/4] with 77 < 1, |?7'| < 1 and \ri"\ < 1. 
We also choose a C°° function p : R" — >^ R which is zero outside Si (0), positive inside B\ (0), and 
has /rb p = 1. Then for small positive e we define 



Mz)= [ , ^a(z + er](|z|)w)p(w)dw« = e-«77(|z|)-" / a{y)p[j-^\df. 
Jbi{o) Jr" \£ti(\z\)J 

Then&e is equal to CT in 5^/4(0) andonR"\fi3,/4(0), and is C°° (by the first expression on fi^y3_£(0), 
and on R" \52r/3+e (0), and by the second expression on S3r/4_£ (0) \5r/4+e (0), thus covering every 
point provided e < r/24). 

We claim that &£ is convex for sufficiently small e > 0. To show this we first note that there exists 
J3 > such that both a — f |zp and a' — f are locally convex on Br{0) \S^/g(0), and hence 
DiDjC > pSij (weakly) also. Also, there exists K such that \Dg\ < K and \Da'\ < K, and hence 



CONTRACTING CONVEX HYPERSURFACES BY CURVATURE 



15 



\Da\ < K, on the same set. Now we compute the Hessian of de: 

> / (p{l-ef-eK{l+6/r))5ijp(w)dw" 

> ^5, 

for e > sufficiently small, provided r/4 < |z| < 3r/4. 

This completes our construction: We now have a C°° convex function on R" which agrees with 
a on B,y4(0), has strictly positive Hessian away from the origin, and agrees with Ci \/l + |zp +C2 
outside B;-(0). The function i on 5" defined by Equation ([Sj on the upper hemisphere, and equal to 
Ci + C2Z0 on the lower hemisphere, is C°° and is the support function of a non-smooth weakly convex 
hypersurface for which the solution of equation l|6} has ti 1 < at the point (0, 1) for any small / > 0. 
This completes the proof of Theorem|2] □ □ 



Remark 3. (1). The analogue of CoroUaryfTlalso holds. 

(2) . Note that the assumption of Theorem[2jis related to a lack of concavity of the function /: If 

we define /(1C2, . . . , ff,,) = lim.f^oo/(j:, K"2, . . . , lf„), then under the conditions of the theorem 
/ exists, and the requirement is that / be concave. The condition then amounts to a kind of 
'concavity at infinity' for /. In particular if / is concave then this is always satisfied. 

Examples of flows covered by Theorem |2] include / = Hr for r < — 1 . Note that in 
Theorem| 1 1 |we show that a necessary and sufficient condition for flat sides in the initial hy- 
persurface to persist is limv->oo /(x, 1 , . . . , 1 ) = 00, or equivalently /* | =0. This condition 
rules out the situation described in the theorem. 

(3) . Let us be clear on what this result means: It implies that the classical solution starting from 

smooth, uniformly convex initial data may cease to exist before the hypersurface shrinks to 
a point. This does not rule out the possibility that a convex barrier solution might continue 
to exist until the hypersurface shrinks to a point, or even become smooth and uniformly 
convex again before the final time. As indicated in figure [2] the map X defined by equation 
^ from the solution of equation l|6j ceases to be an immersion in these examples, and does 
not describe a barrier solution of equation (|T]l. 

(4) . The argument presented above modifies easily to give a natural condition for solutions of 

fully nonlinear parabolic equations of the form 

d , 2 

-^u = F(D u,Du,u,x,t) 

to preserve local convexity : For any unit vector v, let M,, = {A e Sym(;?) : Av = 0, w^Aw > 
for w^v = 0}. For A e M,, there is a unique i,,{A) e My such that iyA oAw = w for all 
w with w^v = 0. Then we require that for every p e R", unit vector v, and time I, the 
function (A,z,x) e My x R x R" i-> F{iy{A),p,z,x,t) is concave. This condition is weaker 
than inverse-concavity of F. 

In the case where F = F{D^u) is 0(;2)-invariant, then we can write F{A) = /(A) where 
X = (A; , . . . , A„) are the eigenvalues of A and / is a symmetric smooth function. Then the 
condition is equivalent to the requirement that /(O, ^2 ^ X^ ' ) is concave m X2, ■ . ■ ,X„, 
which corresponds to the condition in Theorem|2] 

If F is strictly parabolic and smooth on a cone containing the positive cone, then the 
argument above shows that this condition is necessary to avoid loss of convexity. Provided 
convexity is not lost at boundary points, a maximum principle argument shows that this 
condition is also sufficient to keep smooth locally convex solutions locally convex. The 
argument in the case where F is inverse-concave is given in (An8| Theorem 3.3] (see also 
the papers (CGM) and |BG) ). 
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5. Examples: Hypersurfaces which lose convexity 

In this section we give a similar construction to produce flows in which smooth, uniformly convex 
initial hypersurfaces can evolve to become non-convex. While these examples are more difficult to 
construct, they still point to the necessity for certain concavity conditions on the boundary of the 
positive cone. 

Theorem 3. Suppose condition \(x)\ holds, but the boundary inverse-concavity condition \( viii)[ fails. 
Then there exists a smooth, weakly convex compact hypersurface Mq = Xq (M) for which the solution 
Xt of Equation lias negative minimum principal cun'ature for all small t > 0. 

Again by the continuous dependence of solutions on initial data we have the corollary that there 
are smooth, uniformly convex hypersurfaces for which the classical solution (and hence the gener- 
alized solution) loses convexity, under the assumptions of the Theorem. In this sense the boundary 
inverse-concavity condition is necessary to guarantee that smooth, uniformly convex hypersurfaces 
remain convex. 



Proof. The construction is parallel to that in Theorem [T| but we work with the hypersurfaces as 
graphs rather than using the support function. The result is an instance of the observation |(4)| in 
Remark|3l 

We construct a region SIq = |.v = {x,X(j) : u{x) <xq < — |xp + C2, |x| < Ci|, where u is a 

smooth convex function with u{x) = C2 — ^C\ — |xp outside a ball Br(0). The boundary Mq of flo 
is a then a smooth convex hypersurface, and we will construct this in such a way that the smallest 
principal curvature is strictly negative for every small f > 0, under the flow l[T](. 

We begin by constructing the function u locally: We will choose m(0) = and Z)m(O) = 0, in 
which case a direct computation gives the following identities at z = 0: 

(16) hij = DiDju; 

(17) Vi,hij=DkDiDju; 

(18) ^l^khij = D,DkDiDjU - DiDjuD^DpuDiDpU 

— Di^DiuD jDpuDiDpU — Dj^DjuDiDpuDiDpU. 

By assumption there exists 02,. ■■ ,a„ > and b2, - ■■ ,b„ such that 

I (f'j + ^Sij)bibj^-S<0, 

where / and / are evaluated at (0,02, • • • Furthermore, by adding a suitable multiple of a,- to 
bj if necessary, we can assume that E;L2 f'^i = 0- In analogy with the choice in the proof of 
Theorem|2] we choose 




where c\ = and Q = ^ + for k > 2. We observe that by (|T6j-(|T8j we have hf-i = 

diag{0,a2,...,a„), Vj/jh = diag(0,fc2, • • • and Vk^ihn = diag(ci , . . . ,c„) atx = 0. 

The proof of Theorem[2]shows that u is convex on 6/- (0) for r > sufficiently small, and uniformly 
convex except at the origin. By the same argument as given there, we can modify u outside 5^^4(0), 

keeping it uniformly convex and smooth, to make it equal to C\ — \jc\ — |xp outside Br(0), for 
suitable Ci > and C2 £ K. Finally, we verify that the minimal principal curvature becomes negative 
for small positive times: At x = we have l\\\ =0, and from the last evolution equation in Lemma|9] 



CONTRACTING CONVEX HYPERSURFACES BY CURVATURE 



17 



we have (since = and hn = for every /, and using Lemma|6]l 



k=l k.l=2 



\<k<l<n "l< \k=2 
k^\ 2«/* ■ " ' 



2 



2 

<0. 

It follows that the smallest principal curvature immediately becomes negative under the flow l|T]l, and 
the proof is complete. □ □ 

Example 1. Examples where Theorem [5] applies only occur for n>3, since the boundary inverse- 
concavity condition always holds for n = 2. One such example for n = 3 is given by 

f{x y z)= ^ + + 

V^^Tp" Vx^+z^ \/y2T?' 

which is smooth and increasing on the cone F = {x + y > 0, x + z > 0, y + z>0}. In this case we 
have 



fiy,z)=f-'{0,y-\z-')=yz^Jy-^ + z-^ = sjy^+z\ 
which is certainly not concave. 

6. Convergence to points and spherical limits for uniformly convex initial 

DATA 

In this section we prove a result which characterises which flows will deform smooth, uniformly 
convex initial hypersurfaces to points. Informed by the various examples constructed in previous 
sections, our result is exhaustive — that is, it gives a necessary and sufficient condition for this result 
to hold. 

We remark that an earlier paper | |HanJ gives conditions under which smooth, uniformly convex 
initial data give rise to solutions which remain smooth and uniformly convex until they contract to 
points in finite time. His result is as follows: 



Theorem 4 ( (Han| ). Suppose /* is concave, and either 

(1) . extends to a continuous function on the closed positive cone r+, and is zero on the 

boundary dTj^; or 

(ii). a = 1, f is concave, and LiLi (Y° f*) extends to a continuous function on the closed 
positive cone, where J is a positive C' function with positive derivative at positive argu- 
ments. 

Then under the flow l|T]l, any smooth, uniformly convex initial hypersurface Mq = Xo{M) has a so- 
lution Ml = Xt{M) on a finite maximal time interval [0,7), where X is a C°° family of embeddings, 
each hypersurface M, is uniformly convex, and M, ^ p as t ^ T , for some p £ R"+ ' . 

Remark 4. (1). The assumption in [(j)] that extends to a continuous function on the closed 
positive cone is superfluous (see Remark fl|(4)^ . 

(2) . The assumption in |(ii)| on the trace of the derivatives extending to the boundary is not needed: 

This is used to obtain a curvature bound using the evolution equation for the second funda- 
mental form, but one can instead use the evolution equation for hij/S. Under the assumption 
that / is concave, the maximum eigenvalue of hij/S does not increase, and an upper bound 
on principal curvatures follows. 

(3) . Apart from the points mentioned above, the assumptions in Han's theorem are rather sharp, 

as the counterexamples we have provided in this paper demonstrate: At least in the case 
where extends smoothly to the boundary. Theorem [T] and Corollary [T] show that it is 
necessary to assume that /» = on if a 7^ 1; in the case a = 1, Theorem|2]shows that 
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some kind of concavity of / is required (at least 'at infinity'). The assumption of concavity 
of /, is necessary (again only 'at infinity') by the result of Theorem[3] 

We next provide a result which extends Theorem |4] weakening the assumptions as much as pos- 
sible within the class of inverse-concave speeds: 

Theorem 5. Suppose is concave, and either 

(i) . a I and approaches zero on the boundary of the positive cone, or 

( ii) . a = 1, and either 

(a) approaches zero on the boundary of the positive cone; or 

(b) f is concave; or 

(c) n = 2; or 

(d) Conditions \(xi)\ and \( ix)\ hold. 

Then the conclusion of Theorem^holds, and furthermore in case \( n'Jf fl)|jf c)\ the hypersurfaces be- 
come spherical in the sense that ^^^^^ converges in C°° to an embedding Xj with image the unit 
sphere. 

Note that |(b)| implies [(d)l assuming condition |(xi)| holds. 

Proof. Case[(j)]can be proved by essentially the same argument as given in (Han| , given the com- 
ments in remark [^p31 For completeness we briefly recall the argument in this case. 

There exists a smooth solution on a maximal time interval [0,r). T is finite, since a sufficiently 
large sphere enclosing the initial hypersurface is a barrier which contracts to a point in finite time. 

The evolution equation for S in Lemma |9] implies by the maximum principle that the minimum 
value of S is non-decreasing in /, so there exists a constant 5- > such that 5(x, t)>S- for all x e M 
and; e [0,7). 

The inverse-concavity assumption allows us to deduce that the radii of curvature remain bounded 



by their initial maximum value, using the last evolution equation for in Lemma 10 Since F* 
is concave by the concavity of f^. and Lemma |7] the gradient terms are all non-positive, as is the 
first term on the second line. If < a < 1 then the last term is also non-positive, so the maximum 
eigenvalue of Xjj does not increase. In the case a > 1 we observe that < rmaxi and H'' 8ij = 
Y,ifl > 1 by Lemma[4] so at a maximum eigenvalue the last two terms in the evolution equation can 
be estimated as follows: 

-aF-'«+')Ff g„r„ - (1 - a)F-«g,, < -F-('+«V„,. < 0, 

so the result still holds, and we have r,j < r+g,y on M x [0, T). 

An upper bound on the speed can be deduced as long as the inradius stays positive: Denoting by 
R- the inradius of M/„ for some fixed to e (0,7), choose the origin at the centre of an insphere of 
M,g, and note that s{x,t) > for all x e M and t £ [0,fo]. Then from the evolution equations for s 
and 5 in Lemma|9j we derive an evolution equation for Q = j^S-^ as follows: 

We can estimate the term in the last bracket using Lemma|5] 

S'^hiphPj = af"'^fKf > af"+^ = aS^. 
Noting that 2s — R- > , this gives the estimate 

^ < + 45'^ — ^ WjQ + Q^fl + a-aRl^-Q^ 
dt 2s — R- \ 

It follows that if a new maximum value of Q is attained, then the left-hand side is non-negative, 
while the first term on the right is non-positive and the second is zero, and hence the bracket is 
non-negative. It follows that 



e(x,0 <max<j sup2, ( 1 + - ) R_ 



(1+a) 



for (x,f) e M X [0,rol- Noting that .s < this gives the estimate 



S{x,t) < 2R+max<^ sup 2, 

Mo 



-(1+a) 
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That is, we have proved that on any time interval [O.fo] where the inradius remains positive, there 
exists a constant S+ such that S{x,t) < 5+ for all {x,t) e M x [O./ol- 

Next we deduce a positive lower bound on the eigenvalues of r,y (equivalently, an upper bound 

on principal curvatures): The speed bounds give 5^'''" < < S_'''". Since is continuous on 

f + (see Lemma[l|, the set K = {5_|_'''" < /* < 5_''''''} n f + n {r^ax < t+} is compact, and so the 
continuous function r^in attains a minimum value on K. If this minimum is zero, then the point r 
lies in dT+HK. But this is a contradiction, since by assumption /, = on dr+, sor^K. Therefore 
r- =mfKr^in > 0. 

We have proved that the principal curvatures remain in the compact region {r^in > r_} n {r^ax < 
r+} of r+ on M X [OJq]. Since /» is inverse-concave, the flow admits Holder estimates for second 
derivatives (see Appendix), and by Schauder estimates the solution is bounded in C*^ for every k. It 
follows that the solution can be extended beyond fo, proving that the inradius converges to zero as t 
approaches the maximal time of existence. Since the radius of curvature is bounded, the circumradius 
also approaches zero, and the hypersurfaces approach a point. 

Now we proceed to the case |(ii)| The sub-cases |(b)| a nd |(c)| are proved in JAn9| and (An8| 
respectively, so we need only consider sub-cases |(a)| and |(d)] We begin with sub-case [(a)| The proof 
of convergence to a point in this case is exactly as above. To prove that the limiting shape is spherical 
we prove a new pinching estimate which requires only inverse-concavity: 

For this we prove a new pinching estimate which requires only inverse-concavity: 

Lemma 11. If OC = I and is concave, then under equation (|6| the scaling-invariant quantity 
( I ( ,i\ 

supygj-gn ||v||=i I p (x(^it]) I strictly decreasing in t unless Ml is a totally umbillic sphere. 



Proof. We consider the evolution of Tij = Xij — CF^,gjj, where C is chosen to make Tij negative 
definite when / = 0. We will use the maximum principle introduced in (An8[ Theorem 3.2]: If T is a 
tensor satisfying 

^Tij = a^'Vi^ViTij + u'^V^Tij +Nij, 
and A' satisfies the generalized null eigenvector condition 



whenever Tjj < and Tijv^ = 0, and Tjj < initially, then 7)^ < remains true for positive times. 



The evolution equation for Tjj follows from those for 1* and r,j in Lemma 10 



+ 2CF-^F^'VkFSiF,.gij - F-^fi'guTij 

The last term satisfies the null eigenvector condition, so can be ignored. It suffices to prove that at 
any positive definite matrix r,j with Tjj = tij — CF, (r)5,y < and with Tijv'vJ = for some unit 
vector V, we have for any totally symmetric 3-tensor B satisfying (6^,,^ — CSijF^'' By_pq)v'vi = the 
inequality 

(^pkl.pq _ 1 pklpPq-\^ BiuBjpqv'yj + 2CF- ' fI' F^' Fi" BiuBjp,, \ \xf 

+ 2Ff (2r[ {Bup - c8ipF:'Bi,,) v' - r[Y/r,,,) < 

for some choice of F. By continuity it suffices to prove this when tjj has all eigenvectors distinct. 
In this case we rotate so that x = diag(ri , . . . , r„) with xj < Xj for j > and observe that the the null 
eigenvector condition implies that v = ei and ti — Cf^. The condition on B is then Sj.] i = CflBi^a 
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for each k. Using this and Lemma|6]the required inequahty becomes (choosing r|, = for all k): 



kj k>l ^1 l<k<t 



B 



.-2ll(r:-c,)fr[^ + -;^ 

It follows that the optimal choice of is the one which makes the last terms vanish. With this choice 
we show that the remaining terms do indeed satisfy the required inequality: The terms involving 
are indeed non-positive since is concave by assumption. Of the remaining terms we consider next 
those terms involving j i : These are (observing C = ti //, ) 

where we used the Euler identity Y,'k=i f*^k = /*• Next we consider the terms involving S^n for 
k> \, which are (since C/» = Xi): 

tBIu <o. 

The next terms we consider are those involving for k> I. These are: 

The only remaining terms are those which involve 6n; with I < k < I. These are: 

I ^]H- 

The first term in the bracket is nonpositive by Lemma|2] and the others are negative, so the inequality 
holds. 

Furthermore we observe that the inequality is strict unless Sm =0, Bi^n = S^-j. = for A: > 1, 
and Biiii = for I < k < I. By the strong maximum principle, the inequality becomes strict (and 
hence the strict decrease of the theorem is proved) unless there is a parallel vector field v = ei such 
that Xijv'v-' = Cff Differentiating gives C^uf* = ^k^w = ^ill = 0- so /, is constant. But now we 
can deduce that the mean radius of curvature 5i = g'^Xjj is constant, using the Simons-type identity 

Q = KU= ffViVjSi +gjf''''"'Vix„Vjx,„ + ^'£{fi-flKxi-xj)< f!JViVjSi . 

where we used the concavity of and Lemma |2] The maximum principle applies to show Si 
is constant. Now it follows that the hypersurface is a totally umbillic sphere from the result of 
lEHl. □ □ 



Remark 5. The argument of the last paragraph constitutes a new result for compact convex hy- 
persurfaces for which an inverse-concave function of curvatures is constant. This extends the main 
result of lEHI to allow curvature functions which are either concave or inverse-concave. 



The result on the asymptotic shape of the contracting hypersurfaces in sub-case [(a)] now follows 
as in (Anl| , using the following observation: 

Lemma 12. Tjf /, approaches zero on <9F+, then for any C > there exists C' > such that ifx e F+ 

and Xmax < Cft (r), then tmax < C'tmi,,. 

Proof. Otherwise there exists a sequence (r(n)) in F+ with rniax(n) < C/*(r(n)) but Xmax{n) > 
"tmin(«)- But then x{n) = r^^^ has rmax('i) = 1, /*(?(«)) > 1/C, and x^inin) < I- Since the 
set {r e f + • tmax < 1} is compact, there is a subsequence (x{n')) which converges to a limit x 
with tmax < F f*{x) > 1/C, and Xj^ia = 0- But this contradicts the assumption that is zero on 

dr+. a a 
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To complete the argument in sub-case [(d)] we will require some further regularity, which we can 
deduce from standard results once we have the following observation: 

Lemma 13. In case \(d)\ for any C > there exist constants < a_ < a+ such that at any point 
r e r+ with /»(r) > Ctmax, a^ < fl< a+ for i = \,. . . ,n. 

Proof. Since /, is homogeneous of degree one, fl is homogeneous of degree zero, and it suffices 

to obtain the required bounds on the set = {r e r+ : /»(r) > CXmax, ti H +'^n = 1}> which 

is compact. On this set, /J is continuous and non-negative, since the extension to the boundary is 
C' at boundary points with /» > 0. Therefore fl attains its minimum, and the lemma follows if we 
can rule out the possibility of a point r e which is a boundary point of r^, at which fl = for 



some i ( by Conditions 1 ii) this cannot occur at an interior point of r+). Order the components of x 
so that ri > t2 > • • • > tn = 0, and let k = max{i : t, > 0} > 0. By concavity of /» and Lemma[2] 
fl < f} < ■ ■ ■ < /", and so by assumption fl = 0. The restriction of to the first k components is 
inverse-concave on F^' , so by Lemma[8](with / replaced by we have fl x\ > flxj for i= l,...,k, 
and so fl > fi^i = > 0. This contradicts the assumption that fl = 0, and proves the 

lemma. □ □ 

Given the uniform bounds on /», we can now deduce some regularity estimates. The first step is 
to deduce Holder continuity of second derivatives of the support function. 

On any time interval [0,fo] on which r_(Mf) has a positive lower bound, we have x{z,t) e .e/ = 
{r : < /_ < /*(r), r^ax < C} from the estimates above. Since /, is concave, the set is convex, 
and we have ^ < i//' < ^ at each point of j^/. We extend Xjf = —1 //, to a concave, uniformly 

monotone function 9 defined on all of R", by setting 9{x) = sup + D\i/{x){x — x) : x £ -s/}. 
This is a supremum of linear functions, hence concave, and agrees with iff on s^, and furthermore 6 
is Lipschitz and satisfies < 6' < jr everywhere on R". 

Given any point fe S", we choose coordinates for R"+' so that z= (0, 1) £ S" C R" xR ~R"+', 
consider the evolution of the function CT on R" defined by equation |8}. In this parametrization the 
matrix Xjj is given by l |10^ (with zq = (1 + Ixp)^'/^), and the metric gij and its inverse g'j are given 
by 

(20) s'j = (1 + (^S'j + A>) = (1 + 

where Q'-' = 5'-' H ^z"' . Using this we derive the evolution equation 

dt ^ ' F,{x,g) l + |x|2 

Here 0(A) = 0(3), where a is the vector of eigenvalues of A. The right-hand side is concave in the 
components of D^o, and the matrix of derivatives with respect to the components of D^G are given 
by 

which has eigenvalues between ^2(]"_^|,-|2) and jr- In particular, on the unit ball about the origin 

equation \2l\ is concave and uniformly parabolic, and we can apply the Krylov C^ " estimates |K1) 
(or more conveniently |L, Corollary 14.9]), yielding in particular that for any T e (0, 1) 

(22) \D^(y{x2,t2)- D^o{xi,ti)\ <C{T) (\x2-xi\ + ^\t2-ti\y 

for some constant C(t) > and /3 £ (0, 1), for {x2,t2) and {xi,ti ) in Si/2(0) x [TtQ.to]. This implies 
a global Holder continuity estimate on the matrix ty . 

Our next step is to deduce bounds on the third derivatives of the support function, and in particular 
on the covariant derivatives of the matrix r^. To do this we return to the evolution equation l |21[ >, in 
the form 

d _'i'{QoD^(7oQ) 
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Differentiating in a spatial direction, we derive tfie following equation for v = |S ; 



I7 = TtW**'^"'^"'''^''^'+'^ 

where W is a smooth function of x and D^a, and hence is bounded in C" ''. Further, the coefficients 
>j<«g<;pg/?/(l^|^|2) are uniformly elliptic and bounded in C^ /^ . We can apply a Schauder estimate 
(l] Theorem 4.9] to deduce bounds in C^'^ for v (again these hold globally since we have such bounds 
for short time from the local existence theorem). In particular, we have |V;(.i:,j| < C3 on S" x [0,fo]- 

Armed with this estimate, we can finally deduce a lower bound on the radii of curvature. Re- 
call that for some C > and 7 > 0, we have for all (z,f) e S" x [0,fo] that t(z,t) e s^c/Lly = 
{r e r+ : tmax < C/2, /»(r) > 2y}. The estimates above and the assumptions imply that there ex- 
ist constants a_, oj^, M2 and M3 such that t £ -b^c,y implies a_ < i/'(t) < fl-|-, \iff{x)\ < M2 and 
I V'(r)| < M3. It follows in particular that there exists ei > such that if r e 2y G f + with 

|r'-r| <£i =min|§,^|,thenr'e^Cr• 
We use the evolution equation from Lemma 10 to derive the following equation for Tjj = Xjj — 



5,j, vv 11.^11^ t, — ege e > is small, and L is to be chosen: 

For £0 > sufficiently small, Tij is positive definite at ? = 0. We will choose L to ensure that T^y 
remains positive definite on the entire interval [0,?o]- If this is not the case, then there is some 
first point and time {z,t) £ S" x (0,fo] and direction v e T,S" for which Tijv'v^ — 0. We choose an 
orthonormal basis {e,} for T^S" such that ei = v, and such that Xjj = diag(ri , . . . ,r„) at (z.f) with r,- 
in non-decreasing order. Let m = max{i : r,- = e}. By continuity we can assume r,-+i > r,- for ; > in. 
We have 'VjfXab = for 1 < a,b < m, ^xn < 0, and (as in |An8j Theorem 3.2]) 

< *"ViV,rii - sup 2**' {irpixpi - r[r«(tp, - ei^,)) . 
r 



We make the (optimal) choice = 7^7^ for m < k,p < n, and F^ = otherwise. This yields 



Using the identity from Lemma[6] we arrive at the inequality 
0> £ Ui-i + ^8,,)v,Xp„Vix,„ 

p,q>m \ '■P / 

(23) +2 E (^ + ^ + ^)(V,W^ + (L-V^-W£. 

m<p<q<n \ ^1 ^P Xg t Xp t ^ 

Now we use the assumption that /, is inverse-concave on c?F+ : Let r/ = for i = 1 , . . . , m, and r,- = r,- 
for i = m+ I, . . . ,n. Then |r — r|oo = £ < £o, so provided £o < £i we have f e s^c.y- It follows that 

E if"" + —Spq) I Vir„,Vit,, > 0, 

p,q>m \ ^P / ' 
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and so 



p,q>m 



i/P 



p.q>m \ '■P '■py'-p 



> I 

p.q>m 



-eM3 - — + ) Spy 



> -e M3 



Mi 



p>m 



Similarly we can bound the second term in \Ti\ : By the assumption of inverse-concavity on the 
boundary we have at r for each m< p < q <n 

V/9 - xj/P yjfP xj/^ _ V/^r^ - ij/Pvij 

to 



19 - ^p 

by Lemma[8] Using this we find 



>0 



+ 



Xa - e t„ - e 



V ^q^^p ^q ^p 

\ ^q ^ ^p ^q ^p 



+ - 



l.sr+(l-j)r 



EM2 £M2 Ea- En- 
ds 1 =- H =- 



> E 



-M3- 



> -e M3 



M2 M2 a- fl- 



Ml 

2a- 



The inequality \23\ becomes 



(24) 



0>e -CMi-C- 



Mi 



where C is a constant depending only on n. But the right hand side is strictly positive if we choose L 
suitably large depending on M2, M3, a±, C3 and n, and we have a contradiction. This proves that the 
inequality r,j > Eoe^^'gij is preserved, provided Eq < Ei and L is chosen to make the right-hand side 
of ( |24[ ) positive. 

The proof of subcase [(d)| can now be completed exactly as before: We have established that as 
long as the inradius remains positive the principal radii of curvature remain in a compact region of 
the open positive cone, and higher regularity follows by standard Schauder estimates, proving that 
the solution can be continued to a longer time interval. This implies that the inradius converges to 
zero at the end of the interval of existence. The circumradius also converges to zero since K,^[„ has a 
positive lower bound. □ □ 

Remark 6. 1. We do not know whether the limiting shape in case |(d)| is always spherical. 

This is the case if the inverse-concavity of /, on the boundary of the positive cone is strict 
in non-radial directions, since then one can deduce that is inverse-concave on the sets 

^1 = £(t2 + 1«) for small e > 0, and so the inequality ti > e(r2 H h r„) is preserved, by 

a slight modification of the argument in fAnSl. It then follows that the ratio of circumradius 
to inradius remains bounded, and one can extract a smooth hypersurface as a limit of rescal- 
ings as the final time is approached. The result of Lemma [TT] then implies that the limit 
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hypersurface is a spiiere. However it seems possible that with only weak inverse-concavity 
on the boundary, the ratio of inradius to circumradius could become unbounded. 
2. One should be cautious about the sense in which the conditions are necessary and sufficient: 
The conditions are necessary and sufficient in the case where / and are C^'' up to the 
boundary of the positive cone at points where they are non-zero (in particular, if / and /* 
extend smoothly beyond the boundary at such points). We have not ruled out the possibility 
that there could be flows with a ^ \ for which /» does not vanish on the boundary of 
the positive cone, but does not extend as a strictly monotone smooth function to a larger 
cone, and for which solutions do not lose smoothness. In particular, is seems possible that 
if the coefficients of /* become unbounded near the boundary of the positive cone, the 
resulting fast diffusion could have the effect of preventing loss of smoothness. The same 
considerations apply for the requirement for concavity at infinity. However we have not so 
far been able to construct any examples where this occurs. 

In the case a = 1 we also have a result of this kind when the speed / is concave: 



Theorem 6. Suppose a = I, f is concave, condition (viii) holds, and f e C^^^ (F-j- n {/ > 0}). Then 
the solution of {ij/or any smooth, uniformly convex initial hypersurface exists and remains smooth 
and uniformly convex on a finite maximal time interval [0, T), and the inradius r_ (M/) converges to 
zero as t approaches T. 

In this generality we are unable to prove that the circumradius also converges to zero, so it is con- 
ceivable that the solution could collapse onto a lower-dimensional convex body of positive diameter. 

In the case where / is concave and zero on <9r+, it was proved in ^AnlJ that arbitrary smooth, 
uniformly convex initial hypersurfaces contract to points with spherical limiting shape under Equa- 
tion ([TJ. We do not know whether the limiting shape must be spherical under the assumptions of 
Theorem |6] but as in case |(d)| of Theorem |5] such a result does hold if the inverse-concavity on the 
boundary is strict in non-radial directions. 

Proof. In the case where / is concave there is a well-known curvature pinching estimate, much easier 
to prove in this case than the result of LemmapT] 

Lemma 14. Let {M;}o</<7- be a family of uniformly convex hypersurfaces evolving by Equation ||T]| 
with f concave and a = I, and suppose at t = the inequality hij < Cfgij holds for some C > 0. 
Then the same is true for each t £ (0, T). 

Proof. From the evolution of hij, f and gij we find: 
d 



dt 



(hij - Cfgij) = ^ [hij - Cfgij) + PPI '-'VihpqVjhrs 



+ f 4 [hij - Cfgij) - IfhiP {h„j - Cfgpj) . 

Hamilton's maximum principle for tensors | |H1| Theorem 9.1] applies to show that the inequality 
hij — Cfgij < is preserved. □ □ 

Since / is concave and inverse-concave on the boundary, we have exactly as in Lemma [T3] that 
for any C > there exist constants < fl- < a+ such that at any point K" G r+ with /((f) > and 
/(i^) > Cffmax. fl- < /' < a+. The evolution equation for S implies that a lower bound / > /_ > 
is preserved, and we also have an upper bound / < /+ while the inradius remains positive using 
the same argument as in Theorem |5] since that argument depends only on an estimate of the form 
> rf\ and this holds since L/'K-f > ^ LC/'k-,)^ > ^ (E,/'k-,)' = ^. 

The next step is to deduce bounds on the derivatives of the second fundamental form. These 
can be produced in two steps as in the proof of Theorem |5] The evolving hypersurfaces can be 
written locally as the graph of a function u evolving by a uniformly parabolic scalar equation, and 
the concavity of / allows the application of the Evans-Krylov estimates to deduce C^'P estimates. 
Differentiating the scalar equation in a spatial direction gives a uniformly parabolic equation for 
v = dj^u, and Schauder estimates then produce C^'l^ estimates for v, which imply bounds for || V,/;j^.||. 

Finally, we can prove that iCnj;,, remains positive while the inradius is positive, by considering 
the evolution equation for 7]j = hij — eoe^^'gij. The details are formally almost identical to the 
corresponding computation in the proof of Theorem |5] As before, bounds on all higher derivatives 
follows by Schauder theory, and it follows that the solution continues to exist until the inradius 
converges to zero. □ □ 
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Remark 7. We expect that there should be a result which holds without assuming that either / or 
/, is concave. One might conjecture that if conditions |(viii)[[(i}0] and [(xII)l hold (and / and /* extend 
as C^-' functions up to the boundary of the positive cone near points where they are non-zero), and 
/* = on the boundary of the positive cone if a 7^ 1, then a similar result should hold. Under these 
assumptions, maximum principle arguments show that if the hypersurface remains smooth, then it 
remains uniformly convex, and if the support function remains smooth, then the principal curvatures 
remain bounded. At present we have a result in this direction (but still requiring stronger hypotheses) 
only in the case n = 2: 

Theorem 7. Ifn = 2, and either < a < 1 with f > CH, or a = 1, then the solution of (TJ/or any 
smooth, uniformly convex initial hypersurface exists and remains smooth and uniformly convex on a 
finite maximal time interval [0, T), and the inradius r^iMf) converges to zero as t approaches T. In 
the case a = 1 the surfaces Mt contract to a point ast^T and the limiting shape is spherical. 

Proof . The case a = 1 was proved in fAn91. In the case < a < 1 we also use the computations of 
|An9| : Choosing G = j^ijiT^jr > we have from the computations there (equation 6 and the following 
discussion) that at any spatial maximum point of G, 

dG , ,KSG , , , , 
_ < 4(1 - a)— = (1 - a)SGH{l - G). 

An upper bound on the speed S holds as long as the inradius has a positive lower bound, by the 
argument given in the proof of Theoremjs] By assumption we also have that H < f/C is bounded. 
Therefore 1 — G has an exponentially decaying lower bound, so remains strictly positive. Since the 
speed S also has a positive lower bound (from the evolution equation for 5), the flow is uniformly 
parabolic and the solution remains smooth and uniformly convex, on any time interval where the 
inradius has a positive lower bound (here the regularity results of ^AnlO] are used). The result 
foUows. □ □ 



7. Bounds on displacement and flat sides 

In the previous section we were concerned with flows which keep smooth, strictly convex hyper- 
surfaces smooth and strictly convex. In the remaining sections of the paper we are concerned with 
the behaviour of the flows starting from initial data which are boundaries of open bounded convex 
regions, but may be neither smooth nor uniformly convex. 

In this section we are concerned with the displacement of the hypersurface in short positive time 
intervals. The easy direction is to bound the displacement from above, which we accomplish using 
spherical barriers. Positive lower bounds on displacement are more subtle, and require the construc- 
tion of suitable barriers. The main result of this section is a complete characterisation of the flows 
for which such a lower displacement bound exists. The results for a 7^ 1 can be seen as higher- 
dimensional analogues of the results proved for evolving curves in (An3| , but the intermediate case 
a = 1 introduces some new features. 

7.1. Upper displacement bound. As in JAnSJ, we obtain an upper bound on the displacement of 
the evolving hypersurfaces using spheres enclosed within Mq as barriers. We denote by R+ and R- 
the circumradius and inradius of Mq. 

Theorem 8. For any smooth, uniformly convex solution {M,},j,q of |[T]|, 
(25) s{z,t)>s{z,0)-C{a)'^t'Ti 

for all t e 1^0, j^^^i^^j in the inten'al of existence of the solution and all z G S". 

Proof. Choose the origin O to be the centre of a ball of radius R^ enclosed by My. Fix z £ S" and 
define for each 8 £ (0, 1] a sphere 

Ss = {l-S)X{z,0) + SSr_ (O) = |y e M"+' : b- (1 - 5)X (z,0)| = , 

where X(.,0) is the embedding of Mq given by j4j. Sg is contained within the convex hull of i?« (O) 
and X {z, 0) and so, since Mq is convex, 5^ is enclosed by Mq. Under equation (|TJ, this sphere evolves 
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enclosed by Mr for < / < — — ■ This gives tlie estimate (choosing 5 so that 



to S^(f) ((1 — S)X{z,0)), where r{t) evolves according to 

dr _ 1 
dt 

With initial condition r(0) = 8R-, this ODE has solution 

r{t)= (^5^+"Rl+"-{l + a)t 

and the sphere shrinks to a point at time t = — — • By the comparison principle, each of these 
shrinking spheres remains enclosed by Mi as long as both exist, so in particular (1 — S)X{z,0) is 

enclosed 1 
(l + a)0 

s{z,t) = sup{(j,z) : y e fl,} > ((1 - 5)X{z,0),z) = (1 - 5)s{z,0). 

Therefore 

siz,t)-s{z.O) > -5s{z,0) > ^- (2i?+) =C(a)— fTTH. 

□ □ 

7.2. Lower displacement bound. Next we consider lower displacement bounds. This is simplest 
in the case < a < 1, where spherical barriers suffice to prove that the hypersurfaces move: 

Theorem 9. IfO <a <l then 

(26) s{z,t) < s{z,Q) - (1 - a)aT^Rl'^t^ 

for Q <t < a^'i^y^" while the solution continues to exist. 

Proof. Choose the origin O to be at the centre of a sphere of radius R+ which encloses Mq. Then 
for any fixed z £ 5", Mq is contained in the region Bn^iO) n {y : (y,z) < s{z,Q)}. For any r > 
R+ we can choose a unique sphere of radius r which encloses the latter region and intersects the 
hyperplane {{y,z) = s{z-Q)} in the same set as Sr^(O). The centre of this sphere is at the point 



O — y\J r^ + s- — R\ — sj z, where s = s(z; 0). By the comparison principle, Mt is contained in the 
sphere with the same centre of radius r{t) = — (1 + a)t\ < r— r^"f, and so 



s(z, t) - i(z, 0) < - sjr^+s' 



^-Rl + r-'-'"' 



R\-s^ 



r^ + s^-Rl 



R f R \ 

For < / < — we choose = I -jj ) > yielding 

s{z,t)-s{z,Q) < -{l-a)a^R^'-"tT=^. 

□ □ 

As a consequence of this result, an initial hypersurface containing a flat side (that is, an open 
subset contained in a supporting hyperplane) must immediately move. We will see in Section|9]that 
this implies that the speed of motion immediately becomes positive, so that the flat side becomes 
curved. Next we investigate the situation in the case oc > 1. Here we have the reverse situation, and 
flat sides always persist: 

Theorem 10. Suppose SIq he a bounded open convex region, and Mq = dSlQ. Suppose that for some 
z e S", Mq has aflat side in direction z. That is, there exists yo £ Mq with {yo,z) = h{z) = sup{(v,z) : 
y e Q.i)} and r > such that the hemisphere 5"+'(yo) H {{y,z) < h{z)} is contained in Q.q. Then 
if {Ml — <9f2,}()<,<7- is any generalized solution of the flow l|T]l satisfying Conditions^with a > 1, 
then yo <EM,forO<t< C(a)r'+". 
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Figure 3. A weakly convex hypersurface, containing a iiemispliere H,- = 
■8""^' (.yo) n {(y,z) < h{z)} and contained in the corresponding lialfspace {(.y,z) < 
h{z)}. Inside the hemisphere we place a homothetically shrinking barrier 
yo + ~7r^(^). showing that the flat side on the hypersurface cannot move. 



Proof. We construct a self-similar subsolution of |T]( with a flat side, similar to the example in |An3[ 
Theorem 111.13]. DefineA = {{x,y) e R x R" : x > 0, G{x,y) < 0} where G{x,y) = \y\^ + 2x- 1 - 

g-I 

2i2f-i . G is a convex function, so A is a convex set which is rotationally symmetric about the x axis. 
Furthermore A has C°° boundary in {x > 0} with strictly positive principal curvatures, and convexity 
guarantees that i- = (X.v) is also strictly positive on dA n {x > 0}. 

The boundary of A contains the disk {(0,y) '■ \y\ < 1}. We look in more detail at the behaviour of 
dA near the boundary curve {(0,y) '■ \y\ = !}■ For |y| > 1 near this curve the curvature in the radial 
direction is given by 

-.= (Y^ = ^^(b|-l)-(l+o(l)) asLvHl; 

so in particular the boundary of A is C " i . The curvatures in the orthogonal directions satisfy 

Xv 2o: — 1 ,, , . N 1+-L 



Also we can compute 



2 a - 1 

y 



(|y|-l)'+s^(l+o(l)) as|yHl. 



1)^(1 + 0(1)) 
2a-l / (a-l)2 



K-«(l+o(l)). 



a— 1 \a(2a— 1)^ 

Since s is strictly positive and Kr and K"x are bounded away from {x = 0}, there exists jS > such 
that 

^>/3max{K-,-,)fx}">j85 
everywhere on dA (since /(I, .... 1) = 1, so that S = f" < K^^^ by the monotonicity and homogene- 
ity of /). It follows that - A is a subsolution of ([T). 

Let /J > such that A C (0) (for example, /X = 4 suffices for any a > 1), and let L be a rotation 
which takes (1,0) to — z and R" to {{y,z) = 0}. Then yo + ji^ (A) C Hq. The comparison principle 

then gives that yo + 77 - L(A) C £lt, and hence yo e M,,foiO <t < -^^ 



while the solution exists. □ □ 



The remaining case is a = 1, which will be of most interest in the present paper. In this case 
there is a simple dichotomy between those flows for which flat sides persist and those where there is 
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a lower bound on the displacement for positive times, and we provide a very simple criterion which 
distinguishes the two: 

Theorem 11. If a = 1, then flat sides move under ([TJ if and only if f^ = on the boundary of the 
positive cone. That is, 

(1) If part \(vii)\ of Conditions [2] holds, then under (|T]l we have for all t > Q in the interval of 
existence and all z £ §" 

(27) s(zJ)<s{z,Q)-R+3'^ 

where x{^) the inverse function of the function f defined by f(x) = f{x, 1, . . . , 1). 

(2) If part (vii) of Conditions 2\does not hold, there exists C > such that ;/{M;}o<f<7- is a 
generalised solution of l|Ti, and yo G Mq and z G S" with {yo,z) = sq{z) = sup{(y,z) : y e 
SIq}, and the hemisphere Br{y(i) fl {{y,z) < so{z)} is contained in Q.()for some r > 0, then 
yoeM,forO<t < mm{Cr^, T}. 

Proof. We begin with the first case. We will construct barriers which force the hypersurface to 
move, as follows: Fix z £ 5", and rotate so that e„+i = z. We construct graphical barriers, of the form 
{{x,y) e K" X K : y = u(\x\,t)}. We require these to be supersolutions of the flow, so that 

du 



^>-,/i + (.')V 

at they 
inequality becomes 



dt- V ^ ' \{l + {u')2)y^' \xWl + {u' f--' \x\^/]TW 

3t 



and also that they be of the form = w{\x\ + vt). This gives ^ = vw', and the required 



+ \w'{l + {w')^) 



where f{x) :— f{x, 1, . . . , 1). The assumption that = on dT+ is equivalent to the assumption that 
liuix-iao f{x) = oo, since f{x, 1, . . . , 1) = , 1, . . . , 1)~' (the implication in the other direction 

follows since if /, 7^ anywhere on the boundary of the positive cone then /,(0, 1, . . . , 1) 7^ by 
monotonicity). We seek solutions which are concave, so that we have w" < and w' < 0. Thus the 
inequality is equivalent to 

Choosing the origin to be at the centre of a ball of radius R+ containing Mq, we have that for all 
t >0,Mt is contained in the half-cylinder {{x,y) : |x| < R+, y < s{z,0)}. We construct our graphical 
solution on the domain {|x| < 3/?+}, so that v\x\ < 3vR^, and so it suffices to find a solution of 

\x\w" 



3v/?+</ 

\w'(l 

Since / is increasing, there is a well-defined inverse function and we can write equivalently 

w'(i + (w'y) \x\ 

An explicit solution in the equality case with w{R+) = s{z, 0) is given by 

rr/(3R+) Pa 
w{r) = s{z, 0) - 3R+ I ^ -7^^ 



1/3 



<.s(z,0) + 



3R+ I f r ^^+'' 



1 + C7 I V 3 y \3R 



where CT = (3v/?+). Note that in the cylinder {|x| < R+} these solutions lie above the hyperplane 
y = s{z,0), and so above the initial hypersurface Mq. By the comparison principle, we have that 
lies below the hypersurface 

{{x,y): y = w{\x\+vt),0<\x\<3R+-vt} 

(note that the boundary of this hypersurface lies outside the cylinder and so cannot meet M,) For 
fixed ? > we choose v = — yielding that Mt lies below 

{{x,y) : y = w{\x\+2R+) < w{2R+), 0<\x\< R+}. 
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3R+ /2\'+'^\ -rM^ 



In particular this gives 

.(z,r)-.(z,0)<^^-) -( = ) ]<-R+3 

This establishes \27\ since X = f '^ ■ 

Next we consider the second case. As in Theorem|10[ we will prove the existence of a self-similar 
subsolution with a flat side. We use the set A constructed in the proof of Theoremj 1 0| (take a = 2 for 
concreteness). Then we have 

Kx = 3(b|- 1)2(1 +o(l)) as|y|^l, 



and 

It follows that there exists j3 > such that 



i = 3(|v|- 1)2(1 +0(1)) aslyHl. 



.5>j8ifx 

everywhere on dA. Let /„ = limx^oo/(x) < oo. Now we observe that for j > 0, 

S = f{K,.,K^,...Ki} = K^f(^^,\,...,\^ = kJ(^^ <fooK^, 

and therefore s> j-S everywhere on dA. 

It follows that — j A is a subsolution of the flow l[T|, and the result follows as in 
TheoremfTOl □ □ 

8. Upper speed bounds 

To obtain an upper speed bound, we use methods similar to those in (Anl| , (An5| , (An6| , |M1| 
and |M2|, which originate from the work of Chou on Gauss curvature flow (Tl. 



Theorem 12. Let f be such that Y,i f > Ci/2 on r+. Then there exists C2 depending on a and Ci 
such that for any smooth, uniformly convex solution {Mt } p 7-) 0/ with R < r_ (M/ ) < r+ (Mi ) < 

S{xj)<C2^{R-_"+t-^^ 



Proof. We use the method of Chou |T| discussed previously in the proof of Theorem|5] Consider 
5' 



the function Q = for a small constant 5 to be chosen. Its evolution equation is 



j^Q = JfQ+ ^^^S"V,sViQ- j^^S"hk,„h"\Q + (1 + a) ^2 

<^Q+ r^^s'^'VusViQ- C, a5 (^ - 5) e2+i/« ^ ( ^ ^ g2 
[s-5) 

since S^hk^hpi = af"-^f'Kf > CiaS^ . Taking 5 = ^, we find 

< + j^S'''V;,sV,Q+ (1 + a - a5'+i/«e'/«) Q^, 
from which it follows from the maximum principle that 

„„eM^»»{(5<l±^))%-..«.,(^)".-.,-^ 

The result now follows from the definition of Q and the fact that s < 2R+ . □ □ 

Remark 8. The upper speed bound can also be deduced from the upper displacement bound using 
the Hamack estimate (Theorem|13[l as in (An3[ Lemma 112. 1]. The proof above is more robust since 
the Harnack inequality requires inverse-concavity. The assumption on /' kJ is always satisfied (with 
C\ = 1) in the inverse-concave case by Lemma|5] 



30 



BEN ANDREWS, JAMES MCCOY, AND YU ZHENG 



9. Lower speed bounds 

In this section we translate the bounds on displacement into bounds above and below on the speed 
for positive times. In (An3| and |An5| estimates of this kind were achieved by combining the lower 
displacement bounds with the Hamack estimate |An2[ Theorem 5.6], which requires that the speed 
be inverse-concave: 

Theorem 13. For any smooth, uniformly convex solution of (jSJ on §" x (0, T), 

|(vp.Tf.)<0. 

Following (CDS I Theorem 2.2] and [AM [ Lemma 12.2] we here deduce the lower speed bounds 
using an estimate first proved by Smoczyk | S2 , Proposition 4] for the mean curvature flow. The result 
is that lower speed bounds hold precisely when lower displacement bounds do: 

Theorem 14. For any flow of the form l[TJ satisfying Conditions^with a > 0, and any z e §" and 

t2>t\> 0, 

s{z,ti) - s{z,t2) 



^'V(z,t2) > 



;i + a)(?2-fi) 



Recall that 'V = —5, so Theorem 1 1 4| amounts to a lower bound on the speed S in any direction in 
which the support function has strictly decreased. 

Proof The evolution equation (|6j for the support function s can be rewritten in the form 

^ = <i''jViVjs + s<i''jgij + (1 + a)^. 
ot 

Combining this with the evolution equation for 1* in Lemma [Tol we find: 
d 



dt 



{s-{l + a){t-ti)^')=J^{s-(l + a){t-tim + {s-{l + a){t-tim H"Jg, 



li- 



lt follows from the maximum principle that if 5 — ( 1 + a) (f — f i )*!' > for all z e §" at / = /i , then 
i - ( 1 + a) (f - f 1 )1' > for all z e §" SLtt = t2 > li- In particular, if we fix z £ §" and choose the 
origin to be SLtX(z,ti), then s{z,ti) = while s{z',ti) > for all z', so the inequality holds at f = ?i, 
and therefore we have 

< s{z,t2) - (1 + a){t2-ti)^'{z,t2) = s{z,t2)-4z,ti)- (1 + a)1'(z,?2), 
which gives the result of the Theorem. □ □ 

Corollary 2. //O < a < 1 then 

1-a 



5> —ai^i;,'-" mini/. 
^ 1 + a + I ' + J 

Ifa=l and = on dT^ then 



^ 2t 

Proof This follows immediately from Theorem^Jusing the displacement estimates proved in The- 
orem|9]and Theorem[TT] □ □ 

10. Existence and uniqueness of barrier solutions 

This section explores the existence and uniqueness of barrier solutions, and their dependence on 
the initial data. The results are largely consequences of the existence theorems and displacement 
bounds proved in the previous sections. 

When working with convex regions it is natural to work with the Hausdorff distance, but in a 
more general setting it is useful to use a stronger metric which is suited to the fact that our notion of 
barrier solution involves inclusion of sets but is intended as an evolution of the boundaries of these 
sets: For closed sets U and V we define 

dj^iU,V)=max{d,^iU,V),d,jgidU,dV)}. 

Lemma 15. Suppose U and V are compact convex sets. Then djf'{U, V) — d^(U , V). Furthermore 
ifO.1 and Q.2 are closed sets such that U (Z Q.i C V for ! = 1,2, then djf ,0.2) < dyfilj, V). 
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Proof. dj^j{dU ,dV) is equal to the larger of sup^^;ju d{x, dV) and supy^gy d{y, dU), where d{x,C) = 
mf{d{x,y) : y e C}. Let x e dU. By compactness d{x, dV) = d{x,y) for some y e dV. We consider 
two cases: If x then y also attains the minimum distance from x to V, so d{x,dV) < d{x,V) < 
d,^'{lJ, V).\fx£V, then let H = {z : z-v< k} be any supporting hyperplane for U atx, so thatx- v = k 
and U CH. Let w be a point in V which maximizes w-v. Then S^^^ ,,-) (x) C V , so w ■ v > k + d{x,y) . It 
follows that rf(M',J7) > d{x,y), andhence d{x,y) < d^{U,V). Thusd{x,dV) < t/jf ((7,V) forevery 
X € dU, so sup^^gi/d{x,dV) < djf{U,V). The same argument with U and V interchanged gives 
sup,^Syd{y,dU)<dj(^{U,V). TherefoTC dj^{dU,dV)<djf^{U,V) md d j(^{U, V) = dMU,V) as 
required. 

Now we prove the second statement: We have supj-g^j^ d{x,Q.2) < sup^.gy (i(x, t/) < dj^{U,V), 
and similarly sup^^Q^d{x,Q,i) < djf(U,V), so rfjf (£li,£l2) < dj^{U,V). It remains to show 
d^{dQ.i,dQ.2) < dj(f{U,V). To see this, let x G dCli, and let z be the nearest point in U to 
X. If X 7^ z let V = i^fE?! ^ Old otherwise let v be any unit normal vector to U at z- In either case 
[/ C {w : w- V < z- v}. We note thatz+i ^ V for j > djff{U,V), since <i(z + iv,i7) = ^ fori > 0. Let 
5* =sup{5 : z + iven2} < ^^^'(f/,^), andlety = z + i'tV. Then y e ^£12, and ^(y,^) <d,jg'{U,V) 
since X and)' are both in the interval {z + sv: < .s < d.%'{U,V)}. Therefore d(x, dQ.2) < d_.%'{U,V), 
and since x e dSli is arbitrary, sup^g^^j^ d{x,dQ.2) < djif{U,V). The same argument with Q.i and 
^2 interchanged gives s\xp^^gQ^^d{x,dCli) < djf{U,V), and hence dj^{dCl\,dCl2) < ^'^(f^,^) as 
required. □ □ 

In comparing with non-convex sets the following lemma is useful: 

Lemma 16. Let Q. be a compact convex set with nonempty interior, and suppose (by translating if 
necessary) that rS C C r+B, where B is the closed unit ball in W'^^. Then there exist constants 

K and L depending only on r- and r+ such that the following hold: 

(i) . IfO! is any closed set with dj^{Q.' < d and d < l/K, then 

{1 - Kd)0. C Q.' ail +Kd)Q.. 

(ii) . IfOl is closed and (1 -a)f2 c i^' C (I +a)£2 fora< 1, then dj^i^ < ^a- 
Note that H' need not be convex, though Q. must be. 

Proof (i). By assumption we have <i.^^(fl',n)<i/, soil' cn + rfBcn+^n = [l + j-^Q., 

where the addition is in the sense of Minkowski, so that U + V = {x+y : x€U, y € V}. 
The last equahty used convexity of £i. 

To get the reverse inclusion we must work harder: Assume that d < and let x e 

(1 - a Then x + 4rfB Cx+^ClC (l-^^Q.+ ^a = Q.. Therefore d{x,da) > 

Ad. But we also have that x e C + dB, so there exists y e O! and z £ fi such that 
x = y + dz. We claim that y + dB C O! : Otherwise there exists w £y + dB with we dO! . 
But d^{dO.' ,dQ.) < d, so there exists q e dO. with d{q,w) < d. But then d{x,dQ,) < 
d(x,q) < d(x,y) +d{y,w) +d{w,q) < 3d, which is impossible since we proved d(x,dSl) > 
Ad. In particular we have x e y + <i6 C fi'. Since x e ^1 — ^ j Q. is arbitrary, we have 

1 - ^ j £1 C n', completing the proof of (i) with K= j-. 

(ii). By assumption H' C (1 + a)0. = n + aH C H + ar+B. Also, Q = (I - d)0. + a0.cO! + 
aO-ClQ! + ar+B. Therefore rf^ {Q.,Q.') < ar+ . 

Now letxe do! . Since {\-a)Q. C O! we have (1 -a)int(ii) C int(fl'), sox e i2'\(I - 
a)int(f2) C (1 +a)Q. \ (1 — a)int(n). It follows that x = (1 + s)z for some s e [—a, a] and 
z e da. In particular d(x,dCi) < \s\\z\ < ar+. That is, we have dil' c dSl + ar+B. 

Finally, let x e dCl. Then (1 - a)x G (1 - a)Cl C Cl', but (1 +a)x ^ int(n'). Therefore 
there exists 5 e [—a, a] such that (1 -l-s)x G ^H'. Thusrf(x,^n') < ar+, and we have proved 
do. C do! + ar+B. 

This proves (ii) with L = r+. 

□ □ 

We note that such a result does not hold if d^{Cl,Q!) is replaced by the Hausdorff distance 
djg'{£l,Ql): For example we could take Of to be a finite set of points approximating Q. as closely as 
desired in Hausdorff distance, in which case £1 cannot be included in any scaled copy of Cl'. 
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The proof of Theorem [8] was given for classical solutions. However, the argument involves noth- 
ing more than comparison with classical solutions (shrinking spheres), so we can apply the same 
argument to barrier solutions to give the following: 

Proposition 1. Let {O-t} a<t<b be a barrier solution of ([TJ, such that Q.a is a compact convex set 
with nonempty interior Then d^{Q.t,Q.a) < C{t — a)^^^^^"^ for a <t < b, for some C depending on 
the inradius and circumradius of0.a- 

Next we prove the following result concerning continuous dependence of barrier solutions on 
initial data: 

Theorem 15. Let {fl/}o</<7' be a barrier solution of equation such that Q./ is convex and 
bounded with nonempty interior. By a suitable translation we assume that there exists < r_ < r+ 
such that r^B C 0.i and Q.t C r+Bfor each t e [0, T]. Then there exist C\ and C2 depending only on 
r_, f-+, ct and n such that for any other barrier solution {f2j}()</<7-. the following holds: 

sup dxi^,M) < Cii#(£^;„Oo)^ +C2dMiO:Q,Q.o). 

0<r<T 

Proof. Let d = dj^'{Q.o,Q.[i). By the previous Lemma, we have (1 — Kd)Q.[) C fly C (1 +Kd)0.o for 
some K depending on r_ and The scaling invariance l|3j of the flow enables us to write down the 
solutions of |T| with initial data given by the right and left sides of the above inclusion, in terms of 
the sets £1, . The comparison principle therefore gives 

Since {1 - Kd)Q.o d £lo (Z {l+Kd)Q.i) we also have 

Therefore by Lemma [T5] we have 

< Kdr++Kdr+^d^^- (^(l-M)-<'+'''f'^(i+M)-('+">,) ■ 
The last term is controlled by the displacement bound of Theorem[8] which gives 

This completes the proof. □ □ 

A rather general uniqueness result follows immediately from Theorem) 15| Convex barrier solu- 
tions are unique. 

Theorem 16. Let {fi/}o<«7" and {i2j}o<f<7 be barrier solutions of and suppose that Sit 
a compact convex set with nonempty interior, for each t, and Q.q = fly. Then Q., = flj for each 

te{0,T). 

Note that we do not assume flj is convex. Our next result is a compactness theorem for convex 
solutions, which we will employ in proving existence: 

Theorem 17. For each k ^N, suppose cK"+' X [o,r] is a barrier solution of l[TJ, such that for 
each k and each t, Q^^^ = {x : [x, t) e fl'*' } is a compact convex set. Assume that the inradii ofQ.l''^ 
are boimded below by r_ > 0, and there exists r+ such that fl,'*' C Br+ (0) for all k and t. Then there 
exists a subsequence £1^^ ^ and a barrier solution Q. C K"^' x [0, T] of ^ with Q.t = {x : (x, t) £ £1} 
convex for each t, such that lim^/^„ supQ<,<j. d^^f(£l\^ \ fi/ ) =0. 
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Ik) 

Proof. Passing to a subsequence, we can assume by the Blaschke selection theorem that fig con- 
verges to a compact convex set £1q. Passing to a further subsequence we can assume rf^(£lQ*' , Q.q) < 
l-K For a suitable choice of origin we have 5r_ (0) C f2o C Br^{0). Since < 2"* + 

2^' by the triangle inequality, Theorem 1 1 5 1 gives supQ<,<j-djf'(fl,^*',nJ'') < Ci (2^* + 2^') i+s + 
€2(2^^ + 2^'). Therefore fl,^*^-* is Cauchy in Hausdorff distance for each t, and hence converges to 
some compact convex set Q., with supQ<,<j- dyc{£l!f\sit) < Ci2^t+" +C22^*. It remains to prove 
that the limit is a barrier solution. Suppose {At}a<t<b is a classical supersolution with 0<a<b<T 
and Q.a C A^. It follows from Lemma [le] that (1 - 2"*A')fll,*' C Q.a C Ag, SO the barrier solution 

remains inside A, for each t where both are defined. Letting 00 

and using the continuity of Q./ from Proposition [T] we deduce that £1, C A, for all ? e [a,b]. The ar- 
gument for comparison with classical subsolutions is similar. □ □ 

Next we prove the main existence result: 

Theorem 18. Let f satisfy the hypotheses ofTheorem^^or^ Then for any compact convex region 
£1q with nonempty interior in R"+' there exists a unique barrier solution {fi/}o</<7' of equation |[TJ. 
The inradius of Sit approaches zero as t ^ T. 

Proof Let iig be a sequence of smoothly, uniformly convex regions converging to £lo in Hausdorff 

distance. For each k there is a smooth solution {m/^^^ = do!)'''^ }o</<ri of equation (|T]( with initial data 

dQ,^\ with the inradius of M,^*' converging to zero as f — > Tj, (by Theorem 5 6 or Tb. This gives a 

lower bound on independent of k: If (p) is contained in the interior of £Iq, then Br_ (p) C 

for all sufficiently large k. Therefore by comparison B^^,) (p) is contained in o!)''^ for all large k and 

all t e [0,t-), where r(f)'+" = r'+" - (1 + a)t and L = j^. Therefore Tj, > f_ for all large k. 

By Theorem|l7|the solutions {iJ,'*' }o<f<r_ have a subsequence which converges to a barrier solution 
{i2f}o<f<,_ with the desired initial condition. Since this solution can be extended as long as the 
inradius remains positive (and since the inradius is non-increasing in t) the inradius must converge 
to zero at the end of the maximal interval of existence. □ □ 



11. Examples: Convex hypersurfaces which collapse to disks 

In this section we will investigate some interesting examples of curvature flows in which some 
weakly convex hypersurfaces do not become uniformly convex, even though the speed of motion 
becomes strictly positive. Surprisingly, in these cases there are weakly convex regular n-dimensional 
hypersurfaces which do not even contract to points, instead shrinking to line segments, or more 
generally disks of dimension less than n. These are the first such examples known, and for our 
purposes they serve to indicate the necessity of further conditions on the speed beyond those required 
to obtain positive speed in the previous sections. We note that this behaviour can occur for arbitrary 
values of a, in contrast to the situation for flat sides. 

We are motivated by the following highly degenerate example: If /(xi , . . . ,x„) = max{xi ,x„} 
and a > 0, then there is a C''' generalized solution given by taking a cylinder of arbitrary length L 
and radius 1, and capping it with unit hemispheres. This evolves to give the cylinder of the same 
length L and radius (1 — (1 + a)?)'/''^"', capped with semispheres of the same radius. In particular 
the length of the cylinder does not decrease while the radius tends to zero. Notice that this is just 
the Minkowski sum of the interval of length L with a sphere of shrinking radius. Similarly, there 
are generalized solutions given by the Minkowski sum of a disk of dimension k with a shrinking 
sphere, and these collapse onto the disk. In the constructions below we modify these to find similar 
examples involving classical solutions for a class of flows which satisfy Conditions[T] and indeed for 
which arbitrary smooth, uniformly convex initial hypersurfaces have smooth solutions which remain 
uniformly convex and contract to points. 

Our main result is as follows: 

Theorem 19. Let f{x) = f{x,l,...,\), and g{x) = f{x)" - f{0)". If jP^* < °°- '^^'''^ 
exists T > such that if L > 2 and {Mt = d£Lt}(t<t<T <^tiy barrier solution of Equation |T]l such 
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thatB'{{Q) X (-L,L) C fj,, C fi'J(O) x K, then 

Bl^,^ (0) X (- (L - 2) , L - 2) C C s;:^,) (0) x R 

/or? e [0,T]n[0,r), where r{t) = (l - (1 + a)/(0)"f) i^^. 

The condition in the theorem amounts to a certain degeneracy of the speed in directions of small 
curvature. In particular, if /(x)" < f{0)" +Cx^^f^ with j3 > 0, then the Theorem applies. We give 
some examples below. 

The Theorem says that if the initial hypersurface Mq contains a cylindrical region, then for small 
positive times the hypersurface M, contains a slightly shorter cylindrical region (with smaller radius 
if /(O) > 0). This has a surprising corollary: 

Corollary 3. Iff{0) > and j^rpy dz < then there exists C > such that ifL > C and 

B"(0) x (-L,L) CHqC B"^{0) X R 

then {0} X [—{L — C),{L — C)] C fl/ for < t < T. In particular any barrier solution {Mi } of ^ 
does not converge to a point ast^T. 

Before proving this result, we note some examples where it applies: 

Example 2. Let 5 = |A|«, i.e. f{xi,...x„) = {Z"^^x})^''^. Then /(x) = (x^ + n - 1)'/^ and 
g{x) = (x2+^- l)«/2-(„- l)«/2 ~ «(„_ i)a/2-l^2^ j^i _dz_ < ^^^^j ^oth Theoremjli] 

and Corollaryjsjapply, for any a > 0. The same holds for /(xi , . . . ,x„) = (L?=i xf ) if a > and 
p > 1 (i.e. powers of the power means H,- for r > 1). 

Example 3. If 5 = K"l", then fix) = x'/", so g^' (z) = z"l" , and by Theorem 19 cylindrical regions 
persist (in this case without shrinking) for \ — n/ a > Q, i.e. a > n. Note that Hamilton verified that 
cylindrical regions immediately vanish under Gauss curvature flow for n = 2 (corresponding to the 
case a = n) 'm |H3|. This was extended in |An5, Theorem 23], where it was proved that cylindrical 
regions persist under Gauss curvature flows if and only if a > n. It is known in these cases that 
the ratio of circumradius to inradius is bounded |An5| Theorem 4], so the behaviour described in 
Corollary[3]is impossible here. 

Example 4. If 5 = (A:/^^,)"'^""*', then we have f(x) = ( cJ+Ci ) positive C\ 

and C2 depending on n and k. In particular /(x) is approximately (x/C2)'/'"^*-' for x small, and 
cylindrical regions persist \f a > n — k. 

As these examples illustrate, the dependence of the behaviour on a is evident only in the cases 
where /(O) = 0, and not in cases where /(O) > 0. 
Now we proceed to the proofs. 

Proof of Theorem^^ First assume /(O) > 0. We will prove the existence of a homo thetic ally shrink- 
ing subsolution of the flow with a cylindrical region. The construction produces a rotationally sym- 
metric hypersurface of the form (j>{r,z) = {r,u{r)z) for r e / C R and z £ S"^^. For a homothetic 
subsolution with the same shrinking rate as the cylinder we require that 

(28) /(0)«(X,v)>5. 

This amounts to the following equation for the function u: 



m-{u-ru')>f^y(—^^ 



(29) =.-«fl + («')')^/l 



l + {u' 

where u{r) = 1 for \ r\ < ro (this is the cylindrical region). Note that the equation is certainly satisfied 
in this region. In order to construct ;/ we first make some definitions: We define 
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Then by assumption G is a continuous increasing concave function with G(0) = 0, and has infinite 
gradient at z = 0. It follows that G^' is increasing, convex and continuously differentiable with 

G" Ho) = and (G" ' )' (0) = 0. We set 

1, x<0. 



v{x) 

Then v is a concave function satisfying 



and 

for r > 0, so that 
and consequently 



v'(x) = -G-'(r-ro), 

G'(-v'(r)) 
g(-v") = -v' 
/(-v")«=/(0)«-v'. 



We restrict if necessary to a short interval < r < a, so that < v(x) < ^ and |v'| < 1. Then we have 
since / is increasing that 



— VI' 



Also, we have v-i(x) <l-jQ0^ds< 1 -4/^S''(i-)rfi- < 1 -4v'(r), and (1 + (v'(r))2) < l-v'(r), 
so on this interval we have 

(30) V- (i + (vf) f [j^y < fior (v - CW) 

for some Ci > 0. Now we extend v beyond a arbitrarily to a smooth, strictly concave function on 
(0, b) with v{x) as X ^ b, and such that the hypersurface {X = {x,v{x)z) '■ < x < fc, z e 5"^ ' } 
is smooth and uniformly convex at the point (^7,0). On the compact region of this hypersurface 
corresponding to a < x < fc, ((1,0), v) is strictly positive, and continuous, and hence on this region 
there exists a constant C2 such that 

Now we define our homothetic subsolution by setting u{r) = v(r— rp) where ro = max{Ci,C2}. 
Then on the interval (ro, ro +a) we have by ^30) 



{l + {u'f) /(y^)" </(0)« (v-Civ') </(0)«(v-rv') , 

as required. On the remaining interval we have by l |31| ) 

5 - /(0)« (X, V) = 5 - /(O)" (ro ( 1 , 0) + (r - ro, v(r - ro) , v) 
<(C2-ro)((l,0),v) 
<0, 

as required. Therefore with this choice of ro the hypersurface satisfies Equation ([28j everywhere. 
Let Aq = {(x,y) : \y\ < u{\x\), \x\ < ro + b)} be the region enclosed by this hypersurface. Then the 
computation above shows that A, = (1 — (1 + a)/(0)"/)'''''+"'Ao is a subsolution of Equation l[T]l, 
and hence by the comparison principle At C Mi if Ao C Mo. But we also have that the shrinking 
closed cylinder of radius (1 — (1 + a)/(0)";)'''('+"' encloses Mf, and the result follows. 

Next we consider the case where /(O) = 0. In this case it does not make sense to seek a homo- 
thetically shrinking solution since the cylindrical region should not move, and instead we attempt to 
construct a translating subsolution. This means that we are seeking a solution of 

(32) S<V{{l,0),v) 

where V > is the speed of motion. In the graphical parametrization this becomes 

(33) u-^{,Hu'fff{j^y<-Vu'. 
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The construction is similar to that used above: We define v{x) exactly as before, giving a solution of 



a 



On an interval (0,a) we have u close to 1 and |«'| small, and hence we have 



for some V\ > 0. Now as before we extend arbitrarily to a smooth, uniformly convex hypersurface, 
and observe that since ((1,0), v) is strictly positive on this region, the ratio 5/((l,0), v) is bounded 
by some constant V2. Taking the hypersurface to translate with speed max{Vi,V2} then gives a 
translating subsolution of the flow, and the result again follows. □ □ 

Proof of Corollary^ In this case the construction in the proof of Theorem| 1 9|produces a homothetic 
subsolution A, containing a cylindrical part, which shrinks at the same rate as the cylinder of the same 
radius. Precisely, Ay is defined as {{x,y) : |>'| < u{x), \x\ < r^ + h}, where 1/ is a concave function 
withK(ji:) = 1 for \x\ < rQ. We take C = ro + Z?. If L > C then A() + (L-C)(1,0) andAo- (L-C,0) are 
both contained in My. The time-dependent set B, given for each / by the convex hull of r(/)Ao + (^^ — 

C)(1,0) andr(?)Ao-(L-C)(l,0) is a subsolution of the flowif r(f) = (l - (1 + a)/(0)") 
so we have S, C M, for < ? < 1/((1 + a)/(0)"). On the other hand M, is contained in the cylinder 
{(■*>)') • \y\ ^ fif)}' so the maximal time of existence is no greater than 1/((1 + a)/(0)"), and 
(L-C,L + C)x {0} <ZM, for all t in the interval of existence. □ □ 

A similar construction gives the following result for hypersurfaces which have a region isometric 
to #(0) X S"-*: In cases where such cylinders move we prove the existence of homothetic sub- 
solutions, and in cases where the cylinders do not move we prove existence of subsolutions with 
translating radius, and deduce the following. 

Theorem 20. Fix A;e{2,...,n— 1} and define for x,p > 

fk{^,p) =f{^,P^^,^,---A)- 

k— 1 times 

Define 

8k,p (x) = fk pf- /(O^^, 1 , . . . , 1 ) " . 

k times 

1 f (0 

Note that gj^ p is increasing for each k and p, and so has a well-defined inverse g^ p- Iflim sup^_>o ^ 
00 and Jq g-f^lfp^ < 00 /or sufficiently large V, then (n — k)-cylindrical regions persist, in the follow- 
ing sense: If fii (0,0) > then there exists p > and b > such that if {Mt}o<t<T is a viscosity 
solution of ([TJ, such that B^^ ^ x 5"|,^*^ C Mq C I 



a 



/ , , N l/(l+a) 

wherer(t)= f - (1 + a)/t(0,0)"r j ,forQ<t<T. If fi, {0,0) ^ then there exists 

a,b,V >0 such that if B)^ x S",-'' C Mq C K'' x B"+^-'', then 

4(0 X ^"0"'' C M, c X s;+'-* 

where R(t) = R — aro — VtrQ^, as long as R{t) > hrQ. 

Again, the condition is related to degeneracy of /' when )f; = at points of the form (0, . . . , 0, 1 , . . . , 

Example 5. Under the flow with 5 = |A|" for any a > 0, hypersurfaces containing regions isometric 
to X 5[^* have an enclosed /c-disc of positive radius throughout their evolution if R is sufficiently 
large, for any k = I, . . . ,n— I. The same holds for S = H" for any r > 1 and a > 0. 

Example 6. The result in the case S = A""'" agrees with the conclusio ns in Cylindrical 
regions of the form B^ x 5"^*^ persist if 0; > p This is sharp, as proved in |An5[ Theorem 23]. 
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Example 7. For flow by powers of other elementary symmetric functions of tfie principal curvatures 
(5 = E'm") the theorem implies that fc-cylindrical regions persist provided m + k> n and a > • 
This agrees with the previous example in the case in = n; the case m = I corresponds to powers of 
the mean curvature, and in this case A;-cylindrical regions do not persist for any k < n. 

Example 8. Other interesting examples are 5 = ^§J^^ ' where < I < m < n and E,„ is the mth 
elementary symmetric function of the principal curvatures. In this case the Theorem implies that 
cylindrical regions of the form fi* x 5"^* persist when k + m> n and a > max 1 1 , j(.™,~l„ | ■ 

Example 9. Under the flow S = H — cylindrical regions of the form x 5"^* persist if k> 
n — j. Thus in the case j =1 hypersurfaces can collapse to (n — 1) -dimensional disks, but not lower- 
dimensional ones; in the case j = n—i then hypersurfaces can collapse to line segments, or disks of 
any dimension up to « — 1 . 



12. Examples: Non-smooth convex hypersurfaces which fail to become smooth 

In this section we give a construction similar to that of the previous section, which produces 
generalized solutions for a class of flows from weakly convex initial data, which fail to immediately 
become smooth. This result is distinct from that in Section |4] since the examples constructed here 
are for flows which keep smooth, uniformly convex hypersurfaces smooth and uniformly convex 
until they contract to points (and indeed in some cases always have spherical limiting shape). These 
examples arise when /» has degenerate derivative in directions orthogonal to the boundary of the 
positive cone. We note that the condition required to rule out the persistence of flat sides (i.e. /* = 
on the boundary of r+) excludes the examples we construct here. 



Theorem 21. Let a= \ and suppose /»(0, 1, . . . , 1) > 0, and f satisfies the assumptions of Theorem 

W)' 



|5||6|or|7| Let (x) = /, (x, 1 , . . . , 1), and g{x) = /, (0) ' - /, (x) K If -|pr dz < then for any 



L> mere exists Z > such that ifO.Q is an open convex region satisfying 

B'liO) X {0} C Ho C conv(S«(0) x {0}, (0,L), (0, -L)) 
then the generalized solution {Sit } of Equation satisfies 

B"^^,^{0) X {0} C a C conv(B«(,)(0) x {0}, (0,2L), (0,-2L)) 

/or < ? < T, where r(t)^ = 1 — 2/»(0)^'f. In particular £lt is Lipschitz but not fort in this range. 

Before embarking on the proof, we mention some examples to which the result applies: If f = Hr 
with r < — 1 , then the conditions of the theorem hold. We note that in these cases / is concave and 
zero on the boundary of the positive cone, and indeed arbitrary uniformly convex, smooth initial 
hypersurfaces remain smooth and uniformly convex until the shrink to points, becoming spherical 
in the process. Thus the result complements the second part of Theorem[TT] That result shows that 
flat parts of the hypersurface can persist; the present result shows that non-smoothness in the form of 
ridges in the surface can also persist for a more restricted class of flows. 

Proof. We work with the evolution equation (|6j for the support function, in an axially symmetric 
situation. Instead of working with the support function as a function on the unit sphere, it is 
convenient to work with a related function CT defined on the unit cylinder R x 5"^' (0) C K x R", 
defined as follows: We define P: Rx 5\'"' (0) 5^(0) by 

(",z) 



P(u,z) = 



and then set (j{u,z) = s{P{u,z))V 1 + u^. We note that the support function may be naturally consid- 
ered as a homogeneous degree one function on R"+' , and then s is the restriction of this to 5", while 
(7 is the restriction of the same function to the cylinder R x 5"^'. The axial symmetry assumption 
corresponds to the requirement that a be independent of z- 

We compute the principal radii of curvature in terms of (7 and its derivatives, using the formula 
([5|. For this purpose we derive formulae for the metric g and connection V induced by P onto 
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X 5" . We relate these to the metric g and connection V on 5" , working in local coordinates in 
Bit 

1 



which d() = 4- and dj is tangent to 5" ' for / = 1 , . . . , n — 1 : The metric is given by 



goo = 



(l+;<2)2' 

goi = 0; 



Sij = 



1+1(2' 



while the connection is given by 



- 2m 

^uOu = — tOu\ 

1 + 

1 + 

Vidj = Vidj + ugijdu. 
From these we find the following expressions for the components of the matrix r: 

ou^ V1 + m2 

ro/ = 0; 

Since the principal radii of curvature are the eigenvalues of r with respect to g, these are given by 

ro = (1+1(^)^/^(7", r/ = \/l+i(2(a-(((7'). / = 1, . . . ,n- 1. 
From this and equation ^ we derive the following evolution equation for a: 

da _ Vl+ifi 
^' /» {^{l+uyi^a'',y/lT^{G-ua'),...,Vl+u^{a-uG'] 

(34) ^ 



The unit disc S" (0) x {0} corresponds to o{u) = 1 for all u. It follows that the set 



.i/- = < (0,y,/) e RxR" X 



0, 



|y|< Ji 



2t 



is an inner barrier. 

To prove the theorem we will combine this inner barrier with an outer barrier: Precisely, we con- 
struct a homothetic supersolution (T+ with the same rate of shrinking as the disc, and with (T+(m) = 1 
for \ u\ <uq. Such a homothetic supersolution satisfies 

1 



or equivalently 

(35) /(l+^\ l-cT,(.,-((< 



/*(0) 

If CT+ is convex with tT+(i() = 1 for m < kq, then CT+ > 1 and (cT+ — (if — K())<t^)' = — (m — i(o)cT" < 
for (( > UQ, so CT+ — (m — W())cT^ < 1, or equivalently (u — 110)0'^ > 0+ — I . It follows that 1 — tT+(a+ — 

u<y'+) > ua'_^ + l-al> u&^-2{a+ -l)>\ {ug'_^ - (ct+ - 1)) + (ct+ - 1) {^(u^) - i) > 2("< - 
(cT-i- — 1)) provided <u< ^uq. If we arrange that Ci+ — ug'j_ > 0, then for uq<u< |iio it suffices 
to find a solution of the inequality 

(36) g{^^±^\<'(ua',-ia,-l)). 

I CT+-MCT; / - 2/,(0) ^ 
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A solution with equality can be found explicitly as follows: We introduce a new variable v = ua\_ 
(cT+ — 1). Then v' = mct", so the solution is given by 



,/o 



dz 1 / 1 + ir 

T log 



The factor 1 /( 1 — z) is comparable to 1 for z small, so the integral on the left exists and defines v as a 
C' function of u. The identity (c+Zw)' = ( 1 — v)/ ii may then be integrated to produce a function 
a+ on some interval [0, mi ] with CT+ (m) = 1 for ii<u(), where < mq < "l ■ We extend CT+ to be even 
in u. 

Now we use the barrier CT+ to prove the theorem: From the function tT+ we construct a singu- 
lar hypersurface from the image of a map X from 5""' x to R"+\ defined by X{z,s) = 
(cT^, {<J+{u) — ua'^)z)- We have X{u,z) = (0,z) for \u\ < uq, and X is a smooth strictly locally con- 
vex embedding for uo < \u\ < iii. In particularX(M,z) • (1,0) = cy'_^(u) increases monotonically from 
u = UQio u = u\, and the set A = { (x, j) e K x R" : x= ct^(m), [vI < 0+(u) — ua'_^{u), |;<| < } is 
convex. From our construction we have that the set 



= <^ {x,y,t) e R X ] 



is an outer barrier to the flow. 

Now under the assumption that / satisfies the conditions of Theorems [5] |6]or|7] Theorem |18| 
guarantees the existence of a unique barrier solution for any initial data given by the boundary of an 
open convex region, which is therefore equal to the intersection of all outer barriers and to the union 
of all inner barriers. In particular if the initial data contains .!^_ and is contained in the set .e/^ at 

t = Q, then this remains true on the interval |^0, ^^'^^^ J , and it follows that the solution has a persisting 
ridge of infinite curvature on this time interval. □ □ 

There are some interesting questions which arise from the above construction: We proved that 
the ridges of infinite curvature persist for some time, but we have so far not been able to construct 
examples where the ridges persist until the hypersurface shrinks to a point. Can such examples occur? 
And further, could there exist an example where the initial hypersurface encloses an open convex 
region, but the limiting shape as the hypersurfaces contract to a point is the degenerate shrinking 
disc? 

13. Strict convexity and smoothness 

In this section we investigate which flows admit upper and lower bounds on principal curvatures 
for positive times. As the examples of the previous section indicate, this is a much more subtle ques- 
tion than the upper and lower speed bounds. We do not attempt to give a complete characterization 
of when such bounds hold, but instead provide such estimates for several natural classes of flows. 

We remark that the examples constructed previously provide a number of necessary conditions: 
We must have a < 1 to avoid flat sides persisting, and if a = I then we must have /* = on the 
boundary of the positive cone; if a < I then we must also have = on the boundary of the positive 
cone to avoid loss of smoothness, while if a = 1 then this requires /, to be inverse-concave on the 
boundary. Finally, to avoid loss of convexity we must have / inverse-concave on the boundary, and 
to avoid examples such as shrinking cylinders we must impose a certain non-degeracy near points on 
the boundary of the positive cone where / is non-zero. 

We begin by discussing the case n = 2, which is somewhat simpler than the higher-dimensional 
cases. 

Theorem 22. Let n = 2 and suppose < O! < 1 and /* is concave. Assume that either 



(i) Condition (x) holds and f > on r+ \ {0}; or 

(ii) f and /* both vanish on 5r+, and Jq j-^-^dx < oo. 

Then the barrier solution with initial data given by the boundary of an bounded open convex region 
is smooth and uniformly convex for small positive times. 

Proof. Let flo be a bounded open convex region in R"'. We begin by approximating 5flo by smooth. 



uniformly convex regions fig*'. Theorem 5 provides the existence of a solution {f2,^'^'}o<r<rj for 
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each k, with Q.) converging to a point as t ^ Ti^. Comparison with an enclosed shrinking sphere 
gives a positive limit inferior T of Tj^ as k ^ <x. The results of Section [To] imply that the regions 
converge in the distance to the unique barrier solution {S^/}()<,<j- with initial data Q.q. We 

proceed by obtaining estimates on the solutions il, independent of k for positive t, which are then 
inherited by the limit Q., . 

Since /, is zero on the boundary of r+, Corollary |2]provides a positive lower bound on the speed 
S depending only on the inradius and circumradius of fig*' and on t, for any small / > 0. Theorem 
^](with remarkjsj provides an upper bound on 5. 

We consider case [(i)] first. In this case /' are uniformly bounded and have a positive lower bound 
on r+, by the assumption [(x)] 

Now fix e > small and work on the interval [e, T — e], so that we have uniform bounds above 

(k) 

and below on the speed S and on the inradius and circumradius for the solutions fl, . It follows that 
the flow (for example, in the form of an evolving local gra ph) is uniformly parabolic, and uniform 
bounds in C^-'' on [2£,T — e] follow from the results of (Anio) . Schauder estimates then imply 
uniform bounds in C'' for every k on [3e,T — e]. It follows that the solution Mi = d£li is a C°° 
hypersurface. The fact that Mt is uniformly convex now follows from the strong maximum principle 
of Bony |B | and Hifl |H4| as in iAn6 Proposition 10.1]. 

Now consider case |(ii)[ As before we can work on a time interval where we have uniform upper 
and lower bounds on the speed, so that S- < S < S+ for some positive constants S- and s+. The 
idea is to use the integral assumption to deduce that some components of /* become large near the 
boundary of the positive cone, and this will allow us to prove an upper bound on . The evolution 
equation for Si is obtained from a trace of the evolution equation in Lemma[TO| 

Since is negative and concave and a < 1, all of the terms on the right-hand side are non-positive 
at a maximum point of Si . We discard all but the second-last, and use the expression for 1* in terms 
of /» to obtain 

<^Si-aS-^^+^/"^F^'gaSi 



dSi 



dt 

The key term to understand is F^^gki = Y-f^i fi- In the two-dimensional case we observe that since 
ff is concave, we can write F^'gki = Q{Si /./*), where 2 is a non-decreasing function. Thus we have 

K"gu = Q{Si/f.) = e(5'/«5i) > Q{s'J"Si). 
Therefore by the maximum principle we have 

5, <5:'''«G-i(a5;('+'/"'(f-/o)) 

where G{x) = J" T^f^, provided the function is integrable. We relate the latter condition to the 
integral condition in the theorem, by making the change of variables z = where h{x) = /»(x, 1). 
We observe that limj^o = 0. A direct computation at the point (x, 1) gives Q{z) = (1 —x)h'{x) + 
h{x) = h'{x) ^1 — x + • We also compute dz = ^1+x— p-^ dx, and hence 

dz 



h{x) J Jz zQ{z) 

h' 1+x- 



dx 



dx 

h{xj' 

The assumption in the theorem is that Jq ^^ < oo, and it follows that we have an upper bound on 5i 
for each positive time. 

Since = on the boundary of r+ , an upper bound on Si and a lower bound on /» imply a lower 
bound on principal radii of curvature. Therefore the principal radii of curvature remain in a compact 
subset of r+ on which the equation is uniformly parabolic, and uniform higher derivative estimates 
follow from (AnlO| and Schauder estimates as in the previous case. □ □ 
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Note that in the case n = 2 the inverse-concavity of / and on the boundary of the positive 
cone are automatic, since they are hnear on the boundary hne. Note that the condition in the second 
case of the theorem is always satisfied if /(x, 1) is bounded by a positive power of x, as it is in most 
classical examples. An example which does not satisfy the condition but still has / = /, = on 
the boundary of r+ is given by f{x,y) = \o^{x+y)-\ogx-\o<'y ' examples such as this the equation 
becomes singularly parabolic near points with K^i^ = 0, so one might expect that a Harnack principle 
or strong maximum principle might imply strict convexity. Because of this we conjecture that the 
result should still hold if the integral condition in case |(ii)| is removed. It also seems likely that the 
assumption that is concave could be removed. In this case the result would be essentially sharp in 
view of the counterexamples constructed previously. 

Now we proceed to the higher-dimensional case. We begin with a class of flows in which the 
speed is comparable to a power of the mean curvature, analogous to the first case in Theorem|22[ 

Theorem 23. Suppose < Of < 1, / is concave or convex, and condition \ ( x )\ holds. Also assume that 
f is inverse-concave on the boundary of the positive cone (i.e. condition \( viii)\ holds). Then for any 
open bounded convex region £1, the unique barrier solution {0.t}o<t<T with initial data Q. is smooth 
and strictly convex for < t <T. 

Proof. The existence of a unique barrier solution is provided by Theorem |18| The remainder of the 
proof is essentially the same as the first case of the previous Theorem, except that the estimates of 
Krylov I ^KIJ instead of those of (AnIO| are used to provide Holder continuity of second derivatives. 

□ □ 

Another class includes examples such as powers of the Gauss curvature. The argument we use 
here is similar to that used for Gauss curvature flows in ^An5J , and depends on the diffusion becoming 
fast in directions of small curvature. 

Theorem 24. Suppose that < a < 1, / and f^ both vanish on the boundary of the positive cone, and 
is concave. Define a{r) = infj/i |^ (/) : tmax(^) > (''), = 1}, and suppose that J" j^jyj < 

oo. Then for any bounded open convex region Q.q, the unique barrier solution {fi/}o<,<j- with initial 
data Q. is smooth and uniformly convex for < t < T. 

Proof. As in the previous arguments it suffices to work on a time interval where we have uniform 
upper and lower bounds on the speed: S- < S{x,t) < 5+ for some positive constants 5_ and S+. We 
key estimate comes from the evolution of r,j from Lemma[TO| which implies 

It follows from the definition of a that 

^*lr(')='^*lr/F4r)W>^("^™ax5'/" 

since the largest eigenvalue of r/F*(r) is tmax'^'''" > S^^'^^max- By the maximum principle we 
therefore have 

w(p,/)<5:'/«G-'(a5;('+'/«'(f-/o) 

where G(z) = This gives an upper bound on Tjnax foi" positive times under the assumption 

of the Theorem. A lower bound then follows since /» vanishes on the boundary of the positive cone. 
The equation is therefore uniformly parabolic, and uniform higher derivative estimates follow. Since 
the barrier solution is the limit of the smooth approximating solutions, the same estimates hold for 
the barrier solution. □ □ 



We provide some examples where Theorem 



24 



applies : Take / = HL l ( ^ ) ' ' '^^ere Zk 



1 , Ofj- > for every fc, and a„ >Oandai >0. This is a geometric mean of the functions each 
of which is concave and inverse-concave. Furthermore, / vanishes on the boundary since a„ > 0, and 

f* — T[k=\ ( ) vanishes on the boundary of the positive cone since ai > 0. We note that if 

we order the principal radii of curvature, so that ri > r2 > • • ■ > r„, then Sk/Sk-i is comparable to r^, 

so we have that 5i //» is comparable to Ylk=2 ( ) ' which is bounded by ( 1 . But we 



also have (from differentiating the 5„/5„_i terms) that /;(/) > nai ( ^) jj" ^ ' 
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which is comparable to Yl'i~i {^) ' hence bounded below by a multiple of (ri/r„)"". That is, 

an 

> C0!i(5i//*) , and the Theorem applies. 
Our final class of flows only allows a = 1, but we conjecture that a similar result should hold 
with < a < 1 also. This class involves a mixture of the methods of the previous two cases: First 
using fast diffusion to bound the principal curvatures above, and then using uniform parabolicity to 
obtain lower bounds on principal curvatures. 

Theorem 25. Assume a = I, f is concave, /* = on dF^, and conditions \(viii)\ and \(x)\ hold. Define 
a{r) = infj^i/'lC? : /((f) = 1, (fmax > ''}. 'ind suppose that Jj" j^jyj < °°- Then for any bounded 
open convex region SIq, the unique barrier solution {fi/}()<r<r with initial data Q. is smooth and 
uniformly convex for < t <T. 

Proof We use the evolution of the second fundamental form from equation ( |(iv)[ ( in Lemma |9] In 
the case a = 1 the concavity of / gives 

^hi<jfhi+hiF"h'ih,„. 

Working as in the previous theorems on a time interval [fo , ?i ] where the speed S has uniform positive 
upper and lower bounds, so that 5- < S{x, t) < 5+, we compute 



The definition of o gives F^'hpipi > C ( ) > ff ( ^ '^^2^-" •! ) ' ^^"^ follows form the max- 
imum principle that 



^S+^_,(S-(t-tQ) 



(X) 



then 



25-5- - S- V 25+ 
where G(z) = j^jr)- This gives an upper bound on Kmax for each f > /q- Condition 
implies uniform bounds above and below on /'. Therefore the flow is uniformly parabolic, and we 
proceed as in Theorem|23] □ □ 

Perhaps the most important examples where Theorem|25|applies are the following (analogous to 

24 Let F = U'Li f where < Ki < 1, > for aU 



the examples above for Theorem 

k, and oii = 1. Important special cases include aj = • • • = = j, which yields F = e'^J^ . In 
these cases we have F{h^) > ai ffmax^, so (7{r) > ai r, and the condition of the Theorem is satisfied. 

We conclude this section and the paper by stating a conjecture, which would amount to a set of 
conditions which are close to being necessary and sufficient: 

Conjecture 1. Let < a < 1. Suppose that /* vanishes on the boundary of the positive cone, and 
that f extends smoothly to dTj^ near points where it is non-zero in such a way that the derivative 
of f normal to the boundary is positive, and f is inverse-concave on the boundary of ( that is, 
condition \( viii)\ holds). Also assume that condition \(xiii)\ holds). Then for any initial data Mq given by 
the boundary of an open bounded convex region, there exists a unique barrier solution {Mf}o<f<7' 
of ([TJ. The hypersurfaces Mt are smooth and strictly convex for <t <T, and converge to a point 
ast^T. 

The assumption on Holder estimates is automatically satisfied if / is concave, for example, and 
is automatic in the two-dimensional case by the results of [AnlOJ . The normal derivative condition 
rules out the shrinking cylinder examples of section [TT] and the persisting ridges of section [T2] are 
ruled out since vanishes on the boundary of the positive cone. Progress towards this conjecture 
would seem something similar to a version of the strong maximum principle of Bony ^BJ with weak 
regularity assumptions. 
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